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Abstract. An expansion based on renormalization group methods for 
the spin correlation function in the z direction of the Heisenberg-Ising 
XYZ chain with an external magnetic field directed as the z axis is de- 
rived. Moreover, by using the hidden symmetries of the model, we show 
that the running coupling constants are small, if the coupling in the z 
direction is small enough, that a critical index appearing in the corre- 
lation function is exactly vanishing (because of an approximate Ward 
identity) and other properties, so obtaining a rather detailed description 
of the XYZ correlation function. 



1. Introduction 

1.1 In a preceding paper [BeMl] we have derived an expansion, based on renormalization 
group methods, for the ground state energy and the effective potential of the Heisenberg-Ising 
XYZ chain, whose hamiltonian is written in terms of fcrmionic operators. The expansion 
is in terms of a set of running coupling constants and two renormalization constants, related 
with the spectral gap and the wave function renormalization; the running coupling constants 
have to be small enough to have convergence of the expansion. 

In this paper we continue our analysis of the XYZ model by writing an expansion for the 
spin correlation function in the direction of the magnetic field, see §3. With respect to the 
ground state energy or the effective potential expansion, two new renormalization constants 
appear, related with the (fermionic) density renormalization. 

In order to study the asymptotic behaviour of the spin correlation function, one has to 
face two main problems. The first one is to show that the running coupling constants 
indeed remain small if the coupling J3 between spins in the direction of the magnetic field 
is small enough. The second problem is to prove that one of the renormalization constants 
corresponding to the density renormalization is almost equal to the square of the wave 
function renormalization. This last property is crucial to obtain the correct asymptotic 
behaviour of the correlation function, since it is related to the vanishing of a critical index. 

Such properties are proved by writing the beta function governing the fiow of the renor- 
malization constants or their ratio as the sum of several terms. One has to prove that one of 
such terms is exactly vanishing at any order; once that this is proved, the above properties 
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follow if the magnetic field is chosen properly, see §2. One recognizes that such contribution 
to the Beta function of the XYZ model is coinciding with the Beta function obtained by 
applying the same renormalization group analysis to the Luttinger model. For such model 
many symmetry properties are true, and in this sense we can speak of "hidden symmetries" 
for the XYZ model; they are not enjoyed by the XYZ hamiltonian, but the model is close, 
in a renormalization group sense, to a model enjoying them. 

A crucial role is played in our analysis by the local Gauge invariance, see §5; note however 
that, despite the fact that the Luttinger model Hamiltonian is formally gauge invariant, the 
ultraviolet and infrared cutoffs introduced to perform our renormalization group analysis 
have the effect that gauge invariance is broken. Nevertheless we can derive an approximate 
Ward identity (approximate as the gauge invariance is only approximately true), which tells 
us that the ratio between the density renormalization and the square of the wave function 
renormalization in the Luttinger model is approximately one. Note that, if one uses the 
Ward identity formally obtained by neglecting the cutoffs, one obtains a ratio exactly equal 
to one. This means that the corresponding Luttinger model beta function is vanishing (but 
the XYZ beta function is not vanishing) and we can prove that the related critical index 
appearing in the correlation function asymptotic behaviour of the XYZ model is exactly 
vanishing. 

We could proceed in a similar way and derive a suitable Ward identity to prove that 
the Beta function for the running coupling constants appearing in the Luttinger model is 
vanishing; this was done formally in [MD]. However we find simpler to prove this property 
by using the explicit expression of the Luttinger model correlation functions [BGM] based 
on the exact solution [ML]; this was done in [GS], [BGPS], [BMl]. 

Finally, in §4 other hidden symmetries are exploited in order to prove many properties 
about the correlation function. 

The paper is not self-consistent; we use heavily the notations and the results of [BeMl], 
to which we refer also for the general introduction on the XYZ model. We will denote 
equation (x.y) of [BeMl] by (Ix.y.). 

2. The flow of the running coupHng constants 

2.1 The convergence of the expansion for the effective potential is proved by theorems 
13.12, 13.17 under the hypothesis that, uniformly in h> h* , the running coupling constants 
are small enough and the bounds (12.98) and (13.88) are satisfied. In this section we prove 
that, if |A| is small enough and v is properly chosen, the above conditions are indeed verified. 

Let us consider first the bounds in (12.98). They immediately follow from (13.91) and 
(13.92), by a simple inductive argument, if the bounds (13.88) are verified and 

eh<eo<£, fov h> h* , (2.1) 
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with £o small enough. 

Let us now consider the bounds (13.88). By (12.83), (12.84), the first of (12.89) and the 
third of (12.98), we get 



^ , Sh/(Jh - Zh 



(2.2) 
(2.3) 



(Jh i + Zh 

By explicit calculation of the lower order non zero terms contributing to Zh and Sh/crh, one 
can prove that 

Zh = biXl + 0(4) , 6i > , 

(2.4) 

Sh/(Th = -b^Xh + 0{ej , 62 > , 
which imply (13.88), if Sq is small enough, with a suitable constant Ci depending on the 
constant cq appearing in Theorem 13.12, since the value of Cq is independent of Ci. 

The equation (2.2) and the definitions (12.109) allow to get the following representation 
of the Beta function in terms of the tree expansions (13.71): 



Afc = A/i+i + 



6h = Sh+i + 



1 



l + Zh 

1 



l + Zh 

1 



^ + Zh 



-\h+i{zl + 2zh) + Y^ lh{T) 



00 

-Sh+lZh + C()Xl6h,0 + 

E E {ah{r)-Zh{T)) 



(2.5) 
(2.6) 
(2.7) 



where we have extracted the terms of first order in the running couplings and we have 
extended to /i = +1 the definition of Xh and 6h, so that, see (12.81), 



Ai = 4Asin^(pF + tt/L) , = -vqS* 



(2.8) 



Note that the first order term proportional to Xh+i in the equation for is of size 7'', while 
the similar term in the equation for 6h is equal to zero, if /i < 0; moreover the constants Cg 
and are bounded uniformly in L, (3. 

Hence, if we put dh ~ (Sh,Xh), the Beta function can be written, if condition (2.1) is 
satisfied, with £0 small enough, in the form 



Xh-i =Xh + Phi^h,'^h;---;ai,ui;u,5*) , 

Sh-i = Sh + I3i{dh,yh; ■ ■ .■,di,vi;u,S*) , 
i^h-i =l'^h+ Ph{^h,'^h;---;ai,i^i;u,5*) , 



(2.9) 

(2.10) 
(2.11) 



where (3^, (3f^ and are functions of a/j, . . . , oi, z/i, u, which can be easily bounded, by 
using Theorem 13.12, if the condition (2.1) is verified. Note that these functions depend on 
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dh, t'/i, . . . , ai, i^i, u, directly trough the endpoints of the trees, indirectly trough Zh and the 
quantities Zh'/Zh'-i and (T/('_i(k'), h < h' < 0, appearing in the tree expansions. 
Let us define 

/U/, = supmax{|Afc|, l^fel} , A/i = sup | Afc | . (2-12) 

k>h k>h 

We want to prove the following Lemma. 

2.2 Lemma. Suppose thatu satisfies the condition (12.117) and let us consider the equation 
(2.11) for fixed values of ah, Zh-i and crft_ i(k'), h < h< 1, satisfying the conditions 

IJ'h < £i < So , (2-13) 
Oot"-' >4k^| , (2.14) 

^-Cot^H < ^±± < j+COt^h ^ (2.15) 

^-cofil < ^hzl < ^+co^ll ^ (2.16) 
Zh 

for some constant cq . 

Then, if So is small enough, there exist some constants Si, r], 7', ci, B, and a family 
of intervals h < h < 0, such that £1 < £0, < r? < 1, 1 < 7' < 7, C 
< ciei(7')^ and, if = ui e 

\yh\ < BSi + j^i^] <so, h<h<l. (2.17) 



2.3 Proof. Let us consider (2.11), for fixed values of Oh, Zh/Zh-i (hence of Zh) and 
crft_i(k'), h<h<l, satisfying (2.13)-(2.16). 

Note that, if ji^^j < eo for /i < /i < 1 and Eq is small enough, the r.h.s. of (2.11) is well 
defined for h = h and we can write, by using (2.7), 

I'h-i = ^''h + h + r-h , (2-18) 

where 6^ = c^_^7'*~^A^ and collects all terms of second or higher order in eo- 

Note also that, in the tree expansion of Uhir), the dependence on Uh,...,^! appears 
only in the endpoints of the trees and there is no contribution from the trees with n > 2 
endpoints, which are only of type v or S, because of the support properties of the single 
scale propagators. It follows, by using (13.91) and (2.14)-(2.16), that 

Kl < C2HhSo . (2.19) 

Let us now fix a positive constant c, consider the intervals 

jih) = [__^ _ ee-,, -- ^ + cS,] . (2.20) 
7 — 1 7 — 1 
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and suppose that there is an interval I^^^ such that, if vi spans then vj^ spans the 
interval and \vh\ < £o for /i < /i < 1. Let us call J^^^ the interval spanned by 

when ui spans I^^h Equation (2.18) can be written in the form 



^h-i 



7 



7-1 ' V " 7 - 1> 
Hence, by using also the definition of bh and (2.19), we see that 

6 s 



(2.21) 



mm 



^h-1 



+ 



7-1 



7 min 



7- 



1 



min 

iyi6/(S) 



7 



7- 



< 



(2.22) 



< -7C£i + C2eieo + C37 ei , 
for some constant C3. In a similar way we can show that 



max 



^h-i 



+ 



7-1 



> 7C£i - C2£l£o - C37 £1 • 



(2.23) 



It follows that, if c is large enough and £0 is small enough, J^^^ is strictly contained in J^'^\ 
On the other hand, it is obvious that there is a one to one correspondence between vi and 
the sequence Uh, h — 1 < h < 1. Hence there is an interval /C*"^) c such that, if 
vi spans then spans the interval J^''^ and, if £1 is small enough, < £0 for 

h-l<h<l. 

The previous calculations also imply that the inductive hypothesis is verified for /i = 0, so 
that we have proved that there exists a decreasing family of intervals 7^'*^ h <h <0, such 
that, it u = i/i e then the sequence Uh is well defined tov h>h and satisfies the bound 
< So- 

The bound on the size of I^^^ easily follows (2.18) and (2.19). Let us denote by Vh and 
v'f^, h < h < 1, the sequences corresponding to z^i, S We have 



Ph-i - t^'h-i = l(yh - v'h) +rh-r'f^, 



(2.24) 



where is a shorthand for the value taken from rh in correspondence of the sequence i/^. 
Let us now observe that rh — r'f^ is equal to 'yzh-i{l + Zh-\)~^{y'ti — i^h) plus a sum of terms, 
associated with trees, containing at least one endpoint of type v, with a difference Vk — i^'h, 
k > h, in place of the corresponding running coupling, and one endpoint of type A. Then, 
if |z/fe — v'^l < \uh — I'hli k> h, we have 



\Uh-l-Uh-l\ 

7 



+ Cei\Ph - i^'hl ■ 



(2.25) 



On the other hand, if h = 1, this bound implies that — < |!/o — i^qI, if £1 is small 
enough; hence it allows to show inductively that, given any 7', such that 1 < 7' < 7, if £1 
is small enough, then 

\u,-u[\<^'Ch-'^\uj,-u'j^\. (2.26) 



6//e66raio/2008; 17:53 



5 



Since, by definition, if i/i spans then uj^ spans the interval of size 2c£i, the size 

of 7('^) is bounded by 2cei7'('^-i). 

In order to complete the proof of Lemma 2.2, we have still to prove the bound (2.17). 
Note that, if we iterate (2.11), we can write, if /i < /i < and ui e 

1 

^1+ E 7'-XK,---,'^i) , (2.27) 



I k=h+l J 

where now the functions f3f; arc thought as functions of z/fe, . . . , i^i only. 
If we put h = h in (2.27), we get the following identity: 

1 

'^i = - E .-.,1^1)+ ■ (2.28) 

fe=h+l 

(2.27) and (2.28) are equivalent to 

h 

^h = -r^ E 7'"'/3fe(^fe,...,i^i)+7-^''-'^^^^/., h<h<\. (2.29) 

k=h+\ 

The discussion following (2.18) implies that 

Wk{vk,...,yx)\<Cii^, (2.30) 

if £o is small enough. However this bound it is not sufficient and we have to analyze in more 
detail the structure of the functions /?^, by looking in particular to the trees in the expansion 
of n/i(T), which have no endpoint of type v. Let us suppose that, given a tree with this 
property, we decompose the propagators by using (12.99); we get a family of C" difl^erent 
contributions, which can be bounded as before, by using an argument similar to that used 
in §13.13. However, the terms containing only the propagators g^^J cancel out, for simple 
parity properties. On the other hand, the terms containing at least one propagator rj''"^ or 
two propagators g'^"-^ (the number of such propagators has to be even) can be bounded by 
{C£h)'^(\ah\ll^Y' ^ by using (12.101) and (13.106). Analogously the terms with at least one 
propagator r"^"^ can be bounded by [Ceh)^^"^^ , with some positive 77 < 1. In fact, for these 
terms, by using (12.101), the bound can be improved by a factor 7''" < ^^'^^'^C^"^'^) ^ for any 
positive T] <1, and the bad factor -^''(''1.-'') can be controlled by the sum over the scales, if r] 
is small enough, thanks to (13.111). Finally, the parity properties of the propagators imply 
that the only term linear in the running couplings, which contributes to Uh, is of order 7''. 
Hence, we can write 

pH = ^^hJ2 '^kPlki-''^"-'^ + y^hSh (^) ' /3U I'^^i^hK , (2.31) 
k=h v 7 / 

where \Rl\,\Pl\,\Pl^,\ < C. 

The factor in the r.h.s. of (2.31) follows from the simple remark that the bound 

over all the trees contributing to f/,, which have at least one endpoint of fixed scale k > h, 
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can be improved by a factor 7"'' with r( positive but small enough. It is sufficient to 

use again (13.111), which allows to extract such factor from the r.h.s. before performing the 
sum over the scale indices, and to choose 77' = 277, which is possible if is small enough. 

Let us now observe that the sequence Uh, h < h < 1, satisfying (2.29) can be obtained as 
the limit as n — > 00 of the sequence {I'j^^}, h < h < 1, n > 0, parameterized by z/^ € 
and defined recursively in the following way: 

k=h+l 

In fact, it is easy to show inductively, by using (2.30), that, if ei is small enough, < 
CSi < £0, so that (2.32) is meaningful, and 

,max |4")-4"-i)|<(C£-i)". (2.33) 

h* <h<l 

In fact this is true for n = 1 by (2.30) and the fact that lyj^'' = 0; for n > 1 it follows trivially 
by the fact that Pki^k^~^^ ^ ■ ■ • ' ~ /^fe (^fc""^"*' ■ ■ ■ ' '^i"^^') be written as a sum of 

terms in which there are at least one endpoint of type v, with a difference J^^r^ — J^^/"^, 
h' > k, in place of the corresponding running coupling, and one endpoint of type A. Then 
u^^^ converges as n ^ 00, for ft, < /i < 1, to a Hmit i^h, satisfying (2.29) and the bound 
Wh\ < So, if £1 is small enough. Since the solution of the equations (2.29) is unique, it must 
coincide with the previous one. 
Conditions (2.14) and (2.15) imply that 



1^ ^ mA\^^h-h ^ (^^-{h-h)il-coei) 

Hence, if £1 is small enough, by (2.31), 



\f3k\ < Ce, 



1 

J2 |i^m|7""'^™"'=^ +£07"^^""''^ +7"' 



Hence, it is easy to show that there exists a constant c such that 

h 1 



(2.35) 



m=h+l m=h+l (2.36) 

Let us now suppose that, for some constant c„_i, 



Cn-l£l 



< eo , (2.37) 



which is true for n = 1, since J^m'' = 0, if £i is small enough. Then, it is easy to verify that 
the same bound is verified by Vm K if c„_i is substituted with 

c„ = c(l + C4C„_i£i) , (2.38) 
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where C4 is a suitable constant. Hence, we can easily prove the bound (2.17) for Vh = 
00 i^t" , for El small enough. 

2.4 Let us now consider the equations (2.9) and (2.10), for a fixed, arbitrary, sequence 
Vh, h < h < 1, satisfying the bound (2.17). In order to study the corresponding flow, we 
compare our model with an approximate model, obtained by putting u = u = Q and by 
substituting all the propagators with the Luttinger propagator (7^'^^(x;y), sec (12.100). It 
is easy to see that, in this model, (7/i(k') = Uh = for any /i < 1, so that the flow of the 
running couplings is described only by the equations 

(2 39) 

where the functions (3^'^ and can be represented as in (2.5) and (2.6), by suitably 
changing the definition of the trees and of the related quantities /^(t), ahir), z/i(t), which 
we shall distinguish by a superscript L. Of course Theorem 13.12 applies also to the new 
model, which differs from the well known Luttinger model only because the space variables 
are restricted to the unit lattice, instead of the real axis. 
Let us define, for a = A, i5, 

rh{ah,i^h;---;ai,i'i;u,S*) = P^i^h, t^h; ■ ■ ■ ; ai, ui;u, S*) - (3^'^{ah, ■ ■ ■ ,ai;d*) . (2.40) 

Note that, in the r.h.s. of (2.40), the function d'j^'^ is calculated at the values of ah', 
h < h! < 1, which are the solutions of the equations (2.9) and (2.10); these values are of 
course different from those satisfying the equations (2.39). We shall prove the following 
Lemma. 

2.5 Lemma. Suppose that u satisfies the condition (12.117), the sequence Vh, h < h < 1, 
satisfies the bound (2.17) and 5* satisfies the condition 

\-5*vo + ci\i\<\\i\, (2.41) 

Cq being the constant appearing in the r.h.s. of (2.6), 

Then, if ri is defined as in Lemma 2.2 and < £0 (hence (2.1) is satisfied) and eq is 
small enough, 

k^l + lr^l <CA^[7"^^^"''^+7''''] , h<h<0; (2.42) 
\r^\<CXl, |rf|<C|Ai|. (2.43) 



2.6 Sketch of the proof. Note that all trees with n > 2 endpoints, contributing to the 
expansions in the r.h.s. of the equations (2.5)-(2.7), may have an endpoint of type v or 6 
only if there are at least two endpoints of type A; this claim follows from the definition of 
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localization and the support properties of the single scale propagators. The bound (2.43) 
is an easy consequence of this remark, equations (2.5), (2.6), condition (2.41) and Theorem 
13.12. 

We then consider h<0 and we define 

Az, = z,-4 = %^-^. (2.44) 

Remember that all quantities in (2.44) have to be considered as functions of the same running 
couplings. Suppose now that 

\Azk\<cof4['r-i^''-''^ +-7"''], h<k<0. (2.45) 

We want to prove that this bound is verified also for k = h, together with (2.42). Since the 
proof will also imply that (2.45) is verified for k = 0, we shall achieve the proof of Lemma 
2.5. 

By using the decomposition (12.99) of the propagator, it is easy to see that 

^;:=EV, (2-46) 
1=1 

where the quantities r^'' are defined in the following way. 

1) rJJ'^ is obtained from by restricting the sum over the trees in the r.h.s. of (2.5) and 
(2.6) to those containing at least one endpoint of type u. 

2) r^'^ is obtained from by restricting the sum over the trees to those containing 
no endpoint of type i/, and by substituting, in each term contributing to the expansions 
appearing in the r.h.s. of (2.5) and (2.6), at least one propagator with a propagator of type 

^ or r2'* ^ (see (12.99)), h < h' < I. Note that Zh and all the ratios Zk/Zk-i, k > h, 
appearing in the expansions are left unchanged. 

3) r'^'^ is obtained by subtracting from the expression we get, if we substitute all 
propagators appearing in the expansions contributing to with Luttinger propagators and 
if we eliminate all trees containing endpoints of type v. 

By using (2.17), (12.101) and (2.34), it is easy to prove that r^'^ and r^'^ satisfy a bound 
like (2.42). The main point is the remark, already used in the proof of Lemma 2.2, that 
there is an improvement of order ^-^'i'^-^) ^ < ry' < 1, in the bound of the sum over the 
trees with a vertex of fixed scale k > h. One has also to use a trick similar to that of 
§13.13, in order to keep the bound (13.94) on the determinants, after the decomposition of 
the propagators. Finally, one has to use the remark made at the beginning of this section 
in order to justiiy the presence of A^, instead of e^, in the r.h.s. of (2.42). 

In order to prove that a bound like (2.42) is satisfied also by r^'^, one must first prove 
that the bound in (2.45) is valid for k = h, with the same constant cq. This result can be 
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achieved by decomposing i!^Zh in a way similar to that used for r^; let us call Aj^/j the three 
corresponding terms. By proceeding as before, we can show that 

\A^Zh\ + \l^2Zh\ < CA2[7-^(^-^) +7^"^] . (2.47) 

Let us now consider A^Zh; we can write A^Zh = J2'^=2 SreT^ „ ^s^hiT), with AsZhir) = 
0, if T contains endpoints of type v, and AsZhir) = J^ver ^h{T,v), where Zh{T,v) = 0, if v 
is an endpoint, otherwise Zh{T,v) is obtained from Zhir) by selecting a family V vertices, 
which are not endpoints, containing v, and by substituting, for each v' G V, the factor 
Zh^,/Zh^,_i with Zh^,/Zh^,_i - Z^^JZ^^,_^. By using (2.2), we have 

- ^t/^-il < C\Azf,J' ; (2.48) 

hence it is easy to show that A^Zh can be bounded as in the proof of Theorem 13.12, by 
adding a sum over the non trivial vertices (whose number is proportional to n) and, for each 
term of this sum, a factor 

CcoXlb'^^'"''^ +l'"'h'''-'''~''\hi - /i«') . (2-49) 

where V is the non trivial vertex corresponding to the selected term and v' is the non trivial 
vertex immediately preceding v or the root. Hence, we get 

\A3Zh\ < Ccoel'Xli^-i^^^-^^^ + 7"''] , (2.50) 

implying, together with (2.47), the bound (2.45) for k = h, if sq is small enough and cq is 
large enough. 

Given this result, it is possible to prove in the same manner that r^'"^ satisfies a bound 
like (2.42). This completes the proof of Lemma 2.5. 

2.7 Lemma 2.5 allows to reduce the study of running couplings flow to the same problem 
for the flow (2.39). This one, in its turn, can be reduced to the study of the beta function for 
the Luttinger model, see [BGM]. This model is exactly solvable, see [ML], and the Schwinger 
functions can be exactly computed, see [BGM]. It is then possible to show, see [BGM], 
[BGPS], [GS], [BMl], that there exists £ > 0, such that, if \ah\ < e, 

\-^l^\an,...,cin)\<C^ll^^'\ (2.51) 

where 0^'^{ah,--,ai), a = X,S, denote the analogous of the functions /3^'^(a/i, ai) for 
this model and < t]' < 1. Note that in the l.h.s. of (2.51) all running couplings a/j, 
h < k < 1, are put equal to and that a/, can take any value such that |a/,| < s, since ah 
is a continuous function of ao and an = ao + 0(/i^), see [BGPSj. 

We argue now that a bound like (2.51) is valid also for the functions /3^'^. In fact the 
Luttinger model differs from our approximate model only because the space coordinates take 
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values on the real axis, instead of the unit lattice. This implies, in particular, that we have 
to introduce a scale decomposition with a scale index h going up to +00. However, as it has 
been shown in [GS], the effective potential on scale /i = is well defined; on the other hand, 
it differs from the effective potential on scale h = of our approximate model only for the 
non local part of the interaction. In terms of the representation (12.61) of V^°^('^^-°^), this 
difference is the same we would get, by changing the kernels of the non local terms (without 
qualitatively affecting their bounds) and the delta function, which in the Luttinger model 
is defined as L(36kflSkofi, instead of as in (12.62). 

Note that the difference of the two delta functions has no effect on the local part of 
y(o)(^(<o)^^ because of the support properties of %()^-^\ but it slightly affects the non local 
terms on any scale, hence it affects the beta function; however, it is easy to show that this 
is a negligible phenomenon. Let us consider in fact a particular tree r and a vertex v G t 
of scale hy with 2n external fields of space momenta k'^, r = 1, . . . , 2n; the conservation of 
momentum implies that Y^^^i a^-k'^ = 2nm, with m = in the continuous model, but m 
arbitrary integer for the lattice model. On the other hand, k'^. is of order 7''" for any r, hence 
m can be different from only if n is of order 7''" . Since the number of endpoints following 
a vertex with 2n external fields is greater or equal to n — 1 and there is a small factor (of 
order fih) associated with each endpoint, we get an improvement, in the bound of the terms 
with |m| > 0, with respect to the others, of a factor exp(— (77"''''). Hence, by using the 
usual arguments, it is easy to show that the difference between the two beta functions is of 
order ix\'y'^^. 

The previous considerations prove the following, very important. Lemma. 
2.8 Lemma. There are Eq and r]' > 0, such that, if \iJ.h\ < So, a = X,5 and h <0, 

\P^'''{ah,...,SH)\<C~Xh^'f^ . (2.52) 



We are now ready to prove the following main Theorem on the running couplings flow. 

2.9 Theorem. If u ^ satisfies the condition (12.117) and S* satisfies the condition 
(2.41), there exist £3 and a finite integer h* < 0, such that, if |Ai| < £3 and v belongs to a 
suitable interval I^^ ^ , of size smaller than c\\i I7''' for some constants c and 7', 1 < 7' < 7, 
then the running coupling constants are well defined for h* ~ I < h < and h* satisfies the 
definition (12.116). Moreover, there exist positive constants Ci, i = 1, . . . ,5, such that 

|Afc-Ai| <Cl|Al|3/^ |4|<ci|Ai|, (2.53) 

^\iC2h < ^ < j^icah ^ (2.54) 

Co 

^-C4\lh ^Zh< 7-^^^?'' , (2.55) 
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max ^ /iL^, } <h < max i Hl,/}, ^ > • (2.56) 

' '"^ 1 - AiC2 j 1 1 - A1C3 ' 

Finally, it is possible to choose 5* so that, for a suitable r] > 0, 

\Sh\ < C|Ai|3/2[7-''(''-^*) . (2.57) 



2.10 Proof. Wc shall proceed by induction. Equations (2.5), (2.6) and Lemma 2.2 imply 
that, if Ai is small enough, there exists an interval whose size is of order Ai, such that, 
if J/ G then the bound (2.17) is satisfied, together with 

lAo-Ail <qAip, |5o-^i| = |(5o| <C|Ai| . (2.58) 

Let us now suppose that the solution of (2.9)-(2.11) is well defined for /i < /i < and satisfies 
the conditions (2.14)-(2.17), for any 1/ belonging to an interval defined as in Lemma 
2.2. This implies, in particular, that h* < h, see (2.14) and (12.116). Suppose also that 
there exists a constant cq, such that 

Aft<2|Ai|. (2.59) 

We want to prove that all these conditions are verified also if h is substituted with h—l,i{ 
Ai is small enough. The induction will be stopped as soon as the condition (2.14) is violated 
for some u G We shall put 1/ equal to one of these values, so defining h* as equal to 
h+1. 

The fact that the condition on ui and the bound (2.17) are verified also ifh — 1 takes the 
place of h, follows from Lemma 2.2, since the condition (2.13) follows from (2.59), if Ai is 
small enough. There is apparently a problem in using this Lemma, since in its proof we used 
the hypothesis that the values of ah, Zh-i and cr/i_i(k'), h <h <1, are independent of y\. 
This is not true for the full flow, but the proof of Lemma 2.5 can be easily extended to cover 
this case. In fact, the only part of the proof, where we use the fact that ah is constant, is 
the identity (2.24), which should be corrected by adding to the r.h.s. the difference bh — b'^^. 
However, since Ai is independent of vi, it is not hard to prove that — <C\i'h — i^h\ 
and that the bound on rh — r'f^ does not change (qualitatively), if we take into account also 
the dependence on ui of the various quantities, before considered as constant. Hence, the 
bound (2.25) is left unchanged. 

The conditions (2.15) and (2.16) follow immediately from (2.59) and (2.2)-(2.4). Hence, 
we still have to show only that (2.59) is verified also if h is substituted with h — l,\i Ai is 
small enough. 

By using (2.39) and (2.40), we have, if a = A, 5, 

1 

Q^ft-i =c^ft+/3^"^(4>--->4)+ X! ^'h,k+^Wh^''h\---\ai,vi\u) , (2.60) 
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where 



^h,k=(^h' {o,h,...,ah,ak,ak+i,...,ax)-f3l' (a/j, . . . , a/j, a/j, a^+i, . . . , oi) . (2.61) 

On the other hand, it is easy to see that ^ admits a tree expansion similar to that of 
(3^'^{ah, . . . , ai), with the property that all trees giving a non zero contribution must have 
an endpoint of scale h, associated with a difference Afe — Xh or 5k — 6h- Hence, if t] is the 
same constant of Lemma 2.2 and Lemma 2.5 and h <0, 

\Dl,\<C\~Xhh-^^''-''^\ak-Sh\. (2.62) 

Let us now suppose that h < h <0 and that there exists a constant Co, such that 

|afc-i-afe| <co|Aii3/'[7-5('=-'^)+7''^] , h<k<0. (2.63) 

where = min{ry/2, r/'}, r]' being defined as in Lemma 2.8. (2.63) is certainly verified for 
k = 0, thanks to (2.5), (2.6); we want to show that it is verified also if h is substituted with 
/i — 1, if A 1 is small enough. 
By using (2.60), (2.62), (2.42), (2.52) and (2.63), we get 

+ Cco|A^|^/2 ^ 7-''('''^ E [7-*<''-''^+7*'^'], ^'^'^^^ 

k=h+l h'=h+l 

which immediately implies (2.63) with h ^ h — 1 and (2.59) with h h — 1. 

The bound (2.64) implies also (2.53), while the boimds (2.54) and (2.55) are an immediate 
consequence of (2.15), (2.16) and an explicit calculation of the leading terms; (2.56) easily 
follows from (2.54) and the definition (12.116) of h* . 

All previous results can be obtained uniformly in the value of 6*, under the condition 
(2.41). However, by using (2.63) with h = h* . it is not hard to prove, by an implicit 
function theorem argument (we omit the details, which are of the same type of those used 
many times before), that one can choose 5* so that 

\So\ < ClXif , <5/../2 = 0, (2.65) 

which easily implies (2.57), for a suitable value of rj. 
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3. The Correlation function 



3.1 The correlation function il'^ ^ ^, in terms of fermionic operators, is given by 



f^i,/3,x =< ata'a^ao >l,i3 - < a+a^ >l,0< >l,0= g0(x),/,(o) 1"^=° ' ^^'^^ 

where (j){x) is a bosonic external field, periodic in x and Xo, of period L and /3, respectively, 
and 

Note that, because of the discontinuity at a;o = of the scale 1 free measure propagator 
in the limit M — > oo (see §12.3), the product Vx~^^^V'x~^^~ has to be understood as 
V'x~°^^V'x~°^~ +lini£^o+ • Si^ce this remark is important only in the explicit 

calculation of some physical quantities, but does not produce any problem in the analysis 
of this section, we shall in general forget it in the notation. 

We shall evaluate the integral in the r.h.s. of (3.2) in a way which is very close to that 
used for the integration in (12.13). We introduce the scale decomposition described in §12.3 
and we perform iteratively the integration of the single scale fields, starting from the field 
of scale 1. The main difference is of course the presence in the interaction of a new term, 
that we shall call B^^\tp^-^\ in terms of the fields ip^u^'^ y it can be written as 

e(i)(^(<i),^) = ^ I dxe^P--(-^+-^V(x)V'4f<,V-^vi7-l:^ • (3.3) 
After integrating the fields > h > h\ we find 



where Pzh,<yh,c,,W'^^^^'') and V'^ arc given by (12.66) and (13.3), respectively, while 5^''+^) 
(0), which denotes the sum over all the terms dependent on but independent of the V' 
field, and S('')(V'(-''\ </>), which denotes the sum over all the terms containing at least one 
(j) field and two ij) fields, can be represented in the form 



oo „ m 

5(''+i)(0)= ^ / dxi.--dx„5i^+i)(xi,...,x^)[n'^(xi) 

m=l ^ i=l 

fi('')(V;(^''\ <^) = E E E / '^'^i • • • ^^'"'^yi • • • ^y2n • 

m=l 71=1 

rn 2n 

■ <'i„,^,^(xi , . . . , x„; yi, . . . , y2n) [ U H^i)] [ U V'^.^^l'^ 



(3.5) 



(3.6) 



i=l i=l 

Since the field ^ is equivalent, from the point of view of dimensional considerations, to two 
ip fields, the only terms in the r.h.s. of (3.6) which are not irrelevant are those with m = 1 and 
n = 1, which are marginal. However, if Y^f^i cnuJi ^ 0, also these terms are indeed irrelevant. 
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since the dimensional bounds are improved by the presence of a non diagonal propagator, 
as for the analogous terms with no (f) field and two ij} fields, see §13.14. Hence we extend the 
definition of the localization operator C, so that its action on B^^\il)^-^\ (f>) in described in 
the following way, by its action on the kernels S^,2n,o;,(£(^i' • • • ' Yi, • • • , y2n): 

1) if m = 1, n = 1 and X)i=i '^i^i = 0; then 

'^-Sl!2,o;,a;(xi;yi,y2) = CriWi(5(yi - Xi)(5(y2 - Xi) • 

(h) 

dzidz2Cp{2xo - zio - Z2o)cl{zi - 2;2)Bi_2_o._(^(xi;zi,Z2) ; 



/ 



2) in all the other cases 

■^^m,L,a:,t£(xi, -Xmiyi, •••,y2n) = . (3.8) 

Let us define, in analogy to definition (13.2), the Fourier transform of B^'''^ ^ (^(xi; yi, y2) 
by the equation 



^S,o:,a;(xi;yi,y2) 



2 (3.9) 



= 77^ E e^''^-^E:..-''>^B(5 (p,k;)5(^a,(k;+p^)-p), 

where p = {p,po) is summed over momenta of the form {2iTn/L, 27rm//3), with n,m integers. 
Hence (3.7) can be written in the form 

>C<2^,.,.(xi;yi,y2) = aia;i5(yi - xi)^(y2 - xi)e^P-'^('^^+-^) • 



where k^^^/ is defined as in (12.73) and 



P,' ^[0,v'^) ■ (3.11) 



By using the symmetries of the interaction, as in §12.4, it is easy to show that 

where Z^^ and zj^^ are real numbers, such that z[^^ = Z^^ = 1 and 

^1-'^ = E / rfx0(x)e^''^P-''4?^'^C-^ ' (3-13) 

F^-"^ = E / dMx)i;if^^^if^-^ . (3.14) 
By using the notation of §12.5, we can write the integral in the r.h.s. of (3.4) as 

= e-^'^*" j Pz,_„.,_„c._,(dV'(^''-^^) • (3.15) 
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where V('')(V%^V'^-'*^) is defined as in (12.107) and 

=fi^''Hv^^^-''^0) • (3.16) 

B'^''-^'>{y%^ip^^''-^\(j3) and S^''^{(j)) are tiien defined througli tlie analogous of (12.110), 
tiiat is 

g-v(''-iHv^z;^V''-''-'')+B'''-'n\/5;rr7V'^-''-'\</>)-i/3Bft+s('''(</') = 

Zh-i,<Th-iJf^ V r / 

The definitions (3.16) and (3.12) easily imply that 

^ = 1 + 4'), i = l,2, (3.18) 

where z'jp and are some quantities of order Eh, which can be written in terms of a tree 
expansion similar to that described in §13, as we shall explain below. 

As in §13, the fields of scale between h* and hL,i3 are integrated in a single step, so we 
define, in analogy to (13.125), 



,0) 



(3.19) 



/ Pz,._„.,._„c..(#(^'^*))e-*"'''(V^V.<^''->)+i^<'--'(V^^<^'^-'.<^ 
It follows, by using (13.126), that 

1 

S{<i>) = -LPEl,0 + ^e*) (0) = -LPEl,^ + J2 s^""^ W ; (3.20) 

hence, by (3.1) 



h=h* 



f^i,/3,x = 4' ^(x, 0) = 5f )(x, 0) . (3.21) 

h=h 



3.2 The functionals B^''\^/Z^il>^^''\ (j)) and S^^\4>) can be written in terms of a tree 
expansion similar to the one described in §(3.2). We introduce, for each n > and each 
m > 1, a family 7^ of trees, which are defined as in §(3.2), with some differences, that we 
shall explain. 

1) First of all, if r e Tf^^, the tree has n + m (instead of n) endpoints. Moreover, among 
the n + m endpoints, there are n endpoints, which we call normal endpoints, which are 
associated with a contribution to the effective potential on scale hy — 1. The m remaining 
endpoints, which we call special endpoints, are associated with a local term of the form (3.13) 
or (3.14); we shall say that they are of type Z^^^ or Z^'^\ respectively. 

2) We associate with each vertex v a new integer ly e [0, m] , which denotes the number 
of special endpoints following v, i.e. contained in Ly. 
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3) We introduce an external field label to distinguish the different ^ fields appearing 
in the special endpoints. will denote the set of external field labels associated with the 
endpoints following the vertex v; of course ly = and m = \lfg\. 

These definitions allow to represent B'^''\^%ii''-^''\(t>) + S'-''+^'^{(f>) in a way similar to that 
described in detail in §13.3-3.11. It is sufficient to extend in an obvious way some notations 
and some procedures, in order to take into account the presence of the new terms depending 
on the external field and the corresponding localization operation. 

In particular, if Z„ ^ 0, the TZ operation associated with the vertex v can be deduced from 
(3.7) and (3.8) and can be represented as acting on the kernels or on the fields in a way 
similar to what we did in §13.1. We will not write it in detail; we only remark that such 
definition is chosen so that, when TZ is represented as acting on the fields, no derivative is 
applied to the <j) field. 

All the considerations in §13.2, up to the modifications listed above, can be trivially 
repeated. The same is true for the definition of the labels r^(/), described in §13.3. One 
has only to consider, in addition to the cases listed there, the case in which |P„| = 2 and 
^„ = 1; in such a case, if there is no non trivial vertex v' such that vq < v' < v, we make an 
arbitrary choice, otherwise we put Vy (/) = 1 for the ip field which is an internal field in the 
nearest non trivial vertex preceding v. As in §13.2, this is sufficient to avoid the proliferation 
of r„ indices. 

Also the considerations in §13.4-13.7 can be adjusted without any difficulty. It is sufficient 
to add to the three items listed after (13.69) the case = 1, P„o = (/i, /2), by noting that 
in this case the action of TZ consists in replacing one external ip field with a £'y^x field. 

3.3 Let us consider in more detail the representation we get for the constants I = 1,2, 
defined in (3.18). We have 

oo 

4'^ = E E EE ^i:\r,P,r,T,a) , (3.22) 

<ri = u,i = (-l)'-l<r2 = (-l)'a,2 = + l 

where, if x is the space time point associated with the special endpoint, 

.in. 1/2 

vnot e.p 



4')(T,P,r,r,a)= [ n {^hJ^f^ 

vnot e.p. 

• /'d(x„„\x)/i„(x„j[f[4°g;(x,,yOi^,^i(x,.)]{ H ±JdPTM- (3.23) 

j=l vnot e.p. 

• <ietGt--^it.) [ n c;^:;^;^:;K:S(x.yoar<^;..(x, - } . 

The notations are the same as in §13.10 and we can derive for zjj^\T,'P,r,T,a) a bound 
similar to (13.110), without the volume factor Lp (the integration over x^^ is done keeping 
X fixed). The only relevant difference is that the bounds (13.83) and (13.107) have to be 
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modified, in order to take into account the properties of the extended localization operation, 
by substituting z{Py) and z{Py) with z{Py,lv) and z{Pv,lv), respectively, with 



M if |P„|=4, ?„ = 

1 if |P„| = 2, =Oand^^.g^ a;(/)^0, 

z{Pv,lv) = < 2 if |P^| = 2, = and J^feP '^(f) = ' 

1 if |P„| =2,l, = l and E/epI <^{fMf) = , 

. otherwise. 

ri if |P,|=2, /„ = OandE^gP cc>(/)^0, 

z{Pv,lv) = <^ 1 if |P^| =2,1^ = 1 and E/eP„ ^ , 

1 otherwise. 

It follows that 



u not e.p. 



\P„\/2 



7 



} 



with 



-2+^+^. + 2(P.,M + ^%^>^, V^;note.p.. 



(3.24) 



(3.25) 



(3.26) 



(3.27) 



Hence, we can proceed as in §13.14 and, since i)o(-Puo) + = 0) we can easily prove the 
following Theorem. 

3.4 Theorem. Suppose that u^O satisfies the condition (12.117), S* satisfies the condi- 
tion (2.41), £3 is defined as in Theorem 2.9 and v e l^^*^ . Then, there exist two constants 
£4 < £3 and c, independent of u, L, (}, such that, if |Ai| < £4, then 



<c|Ai|, 0<h<h*. 



(3.28) 



3.5 Theorem 3.4, the bound (2.55) on Zh, the definition (3.18) and an explicit first order 
calculation of zj^^ imply that there exist two positive constants Ci and C2, such that 

7(1) 
Zh 

A similar bound is in principle valid also for Z^ /Zh, but we shall prove that a much 
stronger bound is verified, by comparing our model with the Luttinger model. First of all, 
we consider an approximated Luttinger model, which is similar to that introduced in §2.4. 
It is obtained from the original model by substituting the free measure and the potential 
with the following expressions, where we use the notation of §12: 



k':C-i(k')>0'^=±l 

• ^^Pj-:^ E E C7o(k')(-^fco+a;.5fc')^gr^g^ 



(3.30) 
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^ L 3 

(3 31) 

where AAL(k') = Co(k')(L/3)-i[fcg + (v^k')^]^/^, a{,^^ and have the role of the running 
couphngs on scale of the original model, but arc not necessarily equal to them, Tl.p is the 
(continuous, as in §13.15) torus [0, L] x [0, (3] and ip^-^^ is the (continuous) Grassmanian field 
on TL,f3 with antipcriodic boundary conditions. Moreover, the interaction with the external 
field B^^^ip'^-^K (f)) is substituted with the corresponding expression on scale 0, deprived of 
the irrelevant terms, that is 

BW(^(^o),,^) [ dx</.(x) (e^^-P->(^'^)vi^^^ + ■ (3-32) 

We shall call zj^''"\ zj^'^ and zj^^ the analogous of zj^\ Zh and Zh for this 

approximate Luttinger model. 
We want to compare the flow of zj^'^^ /zj^^ with the flow of zj^^ /Zh; hence we write 



7(2) 7(2) 



Zh-1 Zh 

y{2,L) (2,L) 



l + f3^''\ah,iyh;...;ai,ui;u,S*)\ , (3.33) 



h—1 h 



l + /3(2.i)(gW^ ^ (334) 



where a\^^ are the running couplings in the approximated Luttinger model (by symmetry 
i/f ^ = 0, since z/ = 0, see §2.4), l+/j(2) = (i + ^(2))/(i + ^^) and l+/3(2.^) = (i + ^^.i))/^!^ 

The Luttinger model has a special symmetry, the local gauge invariance, which allows to 
prove many Ward identities. As we shall prove in §5, the approximate Luttinger model 
satisfies some approximate version of these identities and one of them implies that, if + 
(^fV^o)! < 1/2, 

^-C|A^-)|<^<^C|A<->|_ (3 35) 

By proceeding as in the proof of (2.51) (see [BGPS], §7), one can show that (3.35) implies 
that there exists e > and r]' <1, such that, if \ah\ < e, 

\P^^'''\ah,...,Sh,S*)\<Ci,h^''^ . (3.36) 

Remark - The analogous bound (2.51) was obtained in [BGPS] by a comparison with 
the exact solution of the Luttinger model; this was possible, thanks to the proof given in 
[GS] that the effective potential on scale is well defined also in the Luttinger model, a non 
trivial result because of the ultraviolet problem. This procedure would be much harder in 
the case of the bound (3.36), because the density is not well defined in the Luttinger model. 
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see §11.3. In any case, the bound (3.35), whose proof is relatively simple, allows to get very 
easily the same result. 
One can also show, as in the proof of Lemma 2.5, that 

\(3^^\Sh, i^h; ai, i^i; u, 6*) ~ /J^^-^H^, , • • • ; ao, S*)\ < CxIIj-^^'^-^^'^ + ^^^] , (3.37) 

for any h> h* and for some 77 < 1. 

Note that, in (3.37), /^^^'^^ is evaluated at the values of the running couplings dh of the 
original model; this is meaningful, since in (3.36) can take any value such that \ah\ ^ S; 
this follows from the remark, already used in §2.7, that a^/^^ is a continuous function of Oq"^ 
and = + 0(mD, sec also [BGPS]. 

By using (3.36) and (3.37) and proceeding as in the proof of Theorem 2.9, one can easily 
prove the following Theorem. 

3.6 Theorem. If the hypotheses of Theorem 3.4 are verified, there exists a positive con- 
stant c\, independent of u, L, (5, such that 



3.7 We arc now ready to study the expansion of the correlation function 17'^ pi'^)-, which 
follows from (3.21) and the considerations of §3.2. Wc have to consider the trees with two 
special endpoints, whose space-points we shall denote x and y = 0; moreover, we shall 
denote by /ix and hy the scales of the two special endpoints and by /?,x.y the scale of the 
smallest cluster containing both special endpoints. Finally i will denote the family of all 
trees belonging to Tj^n-i such that the two special endpoints are both of type Z^^-*, if ? = 1, 
both of type Z^'^\ if ? = 2, one of type Z^^) and the other of type Z^'^\ if ? = 3. 

If we extract from the expansion the contribution of the trees with one special endpoint 
and no normal endpoints, we can write 



1 



h,h'=h' o-=±l 

. [gW(_,x)/^:;_,(-ax) -gW (_,,)g(_y + 

^h-l^h'-l 

(zivh') 



1 f /7(2)\2 7(1)7(2) 

+ E G^2,,(x) + ^^Giti.,(x) 



(3.39) 



h=h* 

where KM h' = max{/i, h'} and 5'i'j,(i2(x) has to be understood as g^^^^{x); moreover, 

00 h—l 

4'>) = E E E E E E (^-^o) 

n=l ft,^=/i*-l tst2 , Pev^.r TeT aeAT 

hr,n,l =0 
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where, if x^^ denotes the set of space-time points associated with the normal endpoints and 
ix = i, if the corresponding special endpoint is of type Z^^\ 

G\''^:\^,T,P,r,T,a) = 



[ n (ZuJZu^.^ 

unot c.p. 

i=l V not e.p. " 

cietG^^-(t.)[ n ^;;L;a-;|;[4:[;j(x,y,)ar.5:^.(x. -y.)]]} 



(3.41) 



en 

In the r.h.s. of (3.41) all quantities arc defined as in §13, except the kernels K^Ji^\:x.y') 
associated with the special endpoints. If v is one of these endpoints, x^ is always a single 
point and 

if("^)(x,)=e*P"""S/.^."(^) . (3.42) 
We want to prove the following Theorem. 

3.8 Theorem. Suppose that the conditions of Theorem 3.4 are verified, that 64 is defined 
as in that theorem and that S* is chosen so that condition (2.57) is satisfied. Then, there 
exist positive constants "& < 1 and £5 < £4, independent of u, L, (3, such that, if |Ai| < £5 
and 7 > 1 + v^, given any integer N >0, 

iG?l,,(x)i + \G^iU^)\+7-''\G^iU^)\ < ^^i^ii i+[^Z|d(x)r ' ^^-^^^ 

for a suitable constant C'n. 

Moreover, if h < 0, we can write 

G[%{^) = co,{2ppx)g[%{^)+ ^ e^^--s(;'J^^^^(x)+rg,^(x), 



a=±l 



Gi%A^) = Gi%{^) + 45,^(x) + ri%{^) 



(3.44) 



so that 

g['U^)=g[^1^{-^), 1 = 1,2, (3.45) 

\r['lA^)\ + |rg,,(x)| < g;v|Ai|7^^ ^^^^2|d(x)|]A- ' ^^'^^^ 
and, if we define Dmo,mi = given any integers mo, mi > 0, there exists a constant 

CN,mo,mi, such that 

2^ |r>mo,miG;,I,,/3(x)| < CjV,mo,mi I ^1 1 ^ _^ [7'i|d(x)|]^ ' ^^'^'^^ 



\^rno,mis[ l j^ l^{x)\ + |£'mo,miS2^^^^(x)| < 



CT=±1 

<C^,„.|Ai| [7 ^+7 ]• 



(3.48) 



+ [7^|d( 
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flj^ ^^x.), as well as the functions (5j £ ^(x), £ ^(x), s\l ^(x) and £ ^(x) converge, as 
-L,/? — > oo, continuous bounded functions on Z x E, i/iai we s/iaZ/ denote 0^(x), (5[''^(x), 
rp\x), s^''^(x) anrf S2^'(x), respectively. Gi^\x) and G'2'\x) are the restrictions to ZxW 
of two even functions on satisfying the bound (3.47) with the continuous derivative d\ in 
place of the discrete one and |x| in place o/|d(x)|. 

Finally, (5l''^(x), as a function on M^, satisfies the symmetry relation 

g'('\x,x,) = g'('\xovI,^). (3.49) 

^0 



3.9 Proof. As in the proof of Theorem 3.4, we shall try to mimic as much as possible the 
proof of the bound (13.110), by only remarking the relevant differences. Since Do (fi)o)+^i'o = 
0, if the integral in the r.h.s. of (3.41) were over the set of variables a;^o\x, we should get for 
g|'^^^^(x, t, P, r, T, a) the same bound we derived in §3.3 for Zf^{T, P, r, T, a). However, in 
this case, we have to perform the integration over the set x^^ by keeping fixed two points (x 
and y), instead of one; hence we have to modify the bound (13.102) in a way different from 
what we did in the proof of Theorem 3.4. 

Let us call vq the higher vertex v € t, such that both x and y belong to x^; by the 
definition of ft, it is a non trivial vertex and its scale is equal to h. Moreover, given the tree 
graph T on x^^ , let us call Tx,y its subtree connecting the points of Xyg and Tx,y = [Jy>yQTy, 
Ty being defined as §13.15, after (13.118). We want to bound d(x — y) in terms of the 
distances between the points connected by the lines I G Tx.y 

Let us call v^^\ i = l,...,Syg the non trivial vertices or endpoints following Vq. The 
definition of vq implies that Syg > 1 and that x and y belong to two different sets Xy(i) ; note 
also that Ty^ is an anchored tree graph between the sets of points x^ci) . Hence there is an 
integer r, a family li, . . . ,lr of lines belonging to Ty^ and a family u^^^ . . . , of vertices 

to be chosen among . . . ,v^^^o)^ such that 1 < r < Sy^ — 1 and 

id(x -y)\<j2 \d{A, - yUl + E - ^ 

j=i i=i 

,.+1 (3.50) 

< |d(x;-yO|+^|d(xW-y«)|, 

where x^^^ — x, y^'""'"^^ = y, X;^. and y'l. are defined as in (13.114) and, finally, the couple of 
points (x;^,y;^.) coincide, up to the order, with the couple (y^-'^ x-'+^). 

If no propagator associated with a line I G Tx^y is affected by the regularization, we can 
iterate in an obvious way the previous considerations, so getting the bound 

|d(x-y)|< J2 Id(x;-y0l- (3.51) 
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However, this is not in general true and we have to consider in more detail the subsequent 
steps of the iteration. 

Let us consider one of the vertices x^^u) ; if x^-'^ = y^-'^ , there is nothing to do. Hence we 
shall suppose that x'^^ ^ y^^^ and we shall say that the propagators associated with the 
lines Ij, if 1 < i < r, and Ij-i, if 2 < j < r + 1, are linked to v^^h There are two different 
cases to consider. 

1) x'-'-' and y'-'-' belong to two different non trivial vertices or endpoints following v*-^-* and 
the propagators linked to v^^^ are not affected by action of TZ on the vertex v^^^ or some 
trivial vertex v, such that % < v < v^^\ In this case, we iterate the previous procedure 
without any change. 

2) One of the propagators linked to v^^^ is affected by action of TZ on the vertex v^^^ or some 
trivial vertex v, such that % < v < v'^^^; note that, if there are two linked propagators, only 
one may have this property, as a consequence of the regularization procedure described in 
§13. This means that x^-') or y^-'), let us say x^-'^ is of the form (13.115), with ti ^ 1, that 
is there are two points x;,x; e 'x.^u) and a point x; e M^, coinciding with x; modulo {L,P), 
such that 

x'-^^ = ii + tiixi - xi) , <3L/4,|5(,o-Xi,o| <3/3/4. (3.52) 

By using (12.96), (3.52), the fact that < \ti\ < 1 and the remark that d(x;—x;) =d(x;— x;), 
we get 

|d(x(^) - y(^))| < \d{xi - y(^))| + V2 |d(x, - x,)! • (3.53) 

We can now bound |d(xi — y^-'^)] and |d(x; — x;)|, by proceeding as in the proof of (3.50), 
since the points x;, x; and y^-'' all belong to v'^^h We get 

|d(xW) -yW)| < (l + \/2) 

where 2 <rj < s^u) and the points x'^™'^ y'C™) are endpoints of propagators linked to some 
non trivial vertex or endpoint following v^^^ . 

By iterating the previous procedure we get, instead of (3.51), the bound 

|d(x-y)|< ^ (l + ^/2)^"|d(x^-yO|, (3.55) 

where, if I G Ty^, pi is an integer less or equal to the number of non trivial vertices v such 
that vo < V < vi; note that 

Pi<K,-h. (3.56) 

Let us now suppose that 

7 > 1 + \/2 . (3.57) 



^ |d(xl-yO| + ^|d(x'(™)-y'(™))| 



(3.54) 



m=l 
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Since there are at most 2n + 1 lines in T, (3.55), (3.56) and (3.57) imply that there exists 
at least one line I G ^x^y, such that 

,S|d(x;-yO|> ^^'^7/^' . (3.58) 

It follows that, given any > 0, for the corresponding propagator we can use, instead of 
the bound (13.116), the following one: 



< 



< 

^K[i+q<.{f+)+gM,-)+mUr)+rnU;^)-bUi)] / la^^ K « CN{2n + 1)^ 



) 1 



(3.59) 



l + [^h^\d{^\{ti)-y\{si)W W*"^ l + [7''|d(x-y)|]^ ■ 

For all others propagators we use again the bound (13.116) with N = 3 and we proceed as 
in §13.15, recaUing that we have to substitute in (13.118) d(x„„\x) with dx^g. This implies 
that, in the r.h.s. of (13.119), one has to eliminate one dri factor and, of course, this can be 
done in an arbitrary way. We choose to eliminate the integration over the r; corresponding 
to a propagator of scale h (there is at least one of them), so that the bound (13.118) is 
improved by a factor 7^'*. 
At the end, we get 

2h 



\GY;iy{^, r, P, r, T, a)\ < (C£ft)"C;v(2n + 1) 



[7M(x)] 



N 




TT |i_cE:;j^»J-l^"l. (3.60) 

r — i-^h I V not e.p. 

■} 



_2+i^+;„+2(p„,;„)+S%M 

We can now perform as in §13.14 the various sums in the r.h.s. of (3.40). There are 
some differences in the sum over the scale labels, but they can be easily treated. First of 
all, one has to take care of the factors {zj^fZh)/{Zh^-iZl^''^) and {zj^^^ Zh)/{Zh^-iZl^''^). 
However, by using (3.29) and (3.38), it is easy to see that these factors have the only effect 
to add to the final bound a factor jC;\\i\{hy-h^/) £qj. gg^^j^ j^qj^ trivial vertex v containing one 
of the special endpoints and strictly following the vertex Ux,y; this has a negligible effect, 
thanks to analogous of the bound (13.111), valid in this case. The other difference is in 
the fact that, instead of fixing the scale of the root, we have now to fix the scale of Ux,y. 
However, this has no effect, since we bound the sum over the scales with the sum over the 
the differences hy — hyi. 

The previous considerations are sufficient to get the bound (3.43) for G'^''^^(x) and 
G^l^ p{'x.). In order to explain the factor j'^^ multiplying G^l^ p^x), one has to note that the 
trees whose normal endpoints are all of scale lower than 2 give no contribution to Gg'']^ pi^)- 
In fact, these endpoints have the property that X]/eP„ ^(/) ~ ^' while this condition is 
satisfied from one of the special endpoints but not from the other, in any tree contributing 



6//e66raio/2008; 17:53 



24 



to G^li^{x). It follows, since any propagator couples two fields with different a indices, 
that it is possible to produce a non zero contribution to (j3^^^(x), only if there is at least 
one endpoint of scale 2; this allows to extract from the bound a factor 7''^, with < 1? < 1, 
as remarked many times before. 

We now want to show that (jJ^^^^(x) and G^l^^p{x) can be decomposed as in (3.44), so 
that the bounds (3.46), (3.47) and (3.45) are satisfied. To begin with, we define ?"i_i_^(x), 
i = 1,2, by using the definition (3.40) of G^i^(x), with the constraint that the sum is 
restricted to the trees, which contain at least one endpoint of scale hy = 2; this implies, in 
particular, that G^^^^(x) — t"-^^^(x) = 0. Moreover, in the remaining trees, we decompose 
the propagators in the following way: 

5S'(x)=5S,(x)+55S-(x), (3.61) 

where ^^''^/(x) is defined by putting, in the r.h.s. of (12.94), {v^k') in place of E{k'), and 
we absorb in r|^^(x) the terms containing at least one propagator ^^^^^/(x), which is of 
size 7^^. The substitution of {v^k') in place of E{k') is done also in the definition of the TZ 
operator, so producing other "corrections", to be added to ''^^^^^(x). An argument similar 
to that used for G^^\ ^(x) easily allows to prove the bound (3.46). 

exp(ifTpi?a;)s^^^_j;^_^(x) and S2^1^^(x) will denote the sum of the trees contributing 
to G^^\ ij{-x) —r[^Lpi'^) and G^j^ ^{x)— r*^]^ ^^{x), respectively, which have at least one 
endpoint of type u or 5. 

Let us now consider the "leading" contribution to G^l^^p{x), which is defined by the 
second of the equations (3.44) as G^j^ ^(x) and is obtained by using again (3.40), but with 
the constraint that the sum over the trees is restricted to those having only endpoints with 
scale hy < 1 and only normal endpoints of type A. Moreover we have to use everywhere the 
propagator ^^''^/(x), which has well defined parity properties in the x variables; it is odd, if 
CO = u', and even, if a; = —w'. 

Note that all the normal endpoints with /i„ < 1 are such that X^/g/^ cr(/) = and that this 
property is true also for the special endpoints, which have to be of type Z^'^^ ; hence there is no 
oscillating factor in the kernels associated with the endpoints, which are suitable constants 
(the associated effective potential terms are local). It follows that any graph contributing to 
^2^1,i3(x) is given, up to a constant, by an integral over the product of an even number of 
propagators (we are using here the fact that there is no endpoint of type u ov S). Moreover, 
since all the endpoints satisfy also the condition X^jg/^ a{f)u{f) = 0, which is violated by 
the set of two lines connected by a non diagonal propagator, the number of non diagonal 
propagators has to be even. These remarks immediately imply that G^l^ ^^x.) = G^l^ p{—-x.). 

In order to prove the bound (3.47) for G'^,'j^_^(x), we observe that, since the propagators 
only couple fields with different a indices and X^/g/^ cr(/) = 0, given any tree r contributing 



6/ febbra,io/200S; 17:53 



25 



to Gj'l ^^'^ V Gt, we must have 

E ^(/) = • (3-62) 

Let us now consider the vertex -Do, defined as in §3.9, that is the higher vertex v € t, such 
that both X and y = belong to Xt, , and let be the vertex immediately following vq , such 
that X G Wx- We can associate with fx a contribution to B'^{tp^-^\ (j)) (recall that h is the 
scale of and hence the scale of the external fields of v^), with m = 1 and 2n = Py^ (see 
(3.6)), whose kernel is of the form, thanks to (3.62) 

p,k;,...,k^„ 

(3-63) 



B(p;k;,...,k'2„_i)^(Ea.k;-p). 



r=l 



If we apply the differential operator to <52^2,/3(^)' operator acts on S(x; yi, . . . , y2n), 
so that its Fourier transform is multiplied by {ipo)™'°', since po = Y^r=i ^rKo and the external 
fields of are contracted on a scale smaller or equal to h, it is easy to see that there is 
an improvement on the bound of doG^l^ fsi^)^ with respect to the bound of G^l^ /jC^)) of a 
factor Cmo 

^hmo^ for a suitable constant Cmo- We are using here the fact that G^^^^(x) = 0, 
so that we can suppose h < 0, otherwise we would be involved with the singularity of the 
scale 1 propagator g'^^l + (x; — y;) at a;; — ?/; = 0, which allows to get uniform bounds on 
the derivatives only for \xi — yi\ bounded below, a condition not verified in general. 

Let us now consider ^["^Gj'*^ ^(x) (see (13.6) for the definition of Bi). By using (12.62) 
and the conservation of the spatial momentum, we find that acts on -B(x; yi, . . . , y2n), 
so that its Fourier transform is multiplied by sin(pa;)'"^, with p = Y^^^i Urk'^ +2-Km, where 
m is an arbitrary integer and p is chosen so that \p\ < it. If m = 0, we proceed as in the 
case of the time derivative, otherwise we note that the support properties of the external 
fields, see §12.2, implies that \ Y^r=i^^K\ — 2nao7'*; hence, if |m| > 0, 2n > {■K/ao)^~^. 
Since the number of endpoints following is proportional to 2n and each endpoint carries 
a small factor of order Ai, it is clear that, if Ai is small enough, we get an improvement in 
the bound of the terms with \m\ > 0, with respect to the corresponding contributions to 
^2^1 pi^)^ of ^ factor exp(— C7~'') < Cmi^^"^^, for some constant Cmi- In the same manner, 
we can treat the operator Dmo,mi, so proving the bound (3.47) for Dmo,miG^l^ pi'^)- 

Let us now consider G^^l^^p{x — y) — r[^l^ p{-K—y). In this case the kernels of the two special 
endpoints x and y are equal to exp(2i(7xPFa;) and ex.p{2iayPFy), respectively. However, since 
the propagators couple fields with different a indices and all the other endpoints satisiy the 
condition J2fei„ '^(f^ = 0, Cx = —cry and we can write 

GS,/3(x-y)-rK,^(x-y) = J E e2-^-(--^)[G(;')(x-y)+24;']_^_^(x-y)l , (3.64) 
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with G^^lipc) having the same properties as G2^\'x.); in particular it is an even function 
of X and satisfies the bound (3.47). Moreover, it is easy to see that (5i'']_(x — y) is equal 
to Gi^}_{y — x) = Gi^}_{x — y), hence Gi^l{y — x) is independent of a and we get the 
decomposition in the first line of (3.44), with Gi^\x — y) satisfying (3.47) and (3.45). 

The bound (3.48) is proved in the same way as the bound (3.47). The factor [y-^ih-h') ^ 
j^h^ in the r.h.s. comes from the fact that the trees contributing to ^(x) and ^(x) 

have at least one vertex of type v or 5, whose running constants satisfy (2.17) and (2.57). 

Note that s^^]^ ^(x) and ^(x) are not even functions of x and that s^^]^ ^(x) is not 
independent of a. 

In order to complete the proof of Theorem 3.8, we observe that all the functions appearing 
in the r.h.s. of (3.39), as well as those defined in (3.44), clearly converge, as L,(3 ^ oo, and 
that their limits can be represented in the same way as the finite L and /? quantities, by 
substituting all the propagators with the corresponding limits. This follows from the tree 
structure of our expansions and some straightforward but lengthy standard arguments; we 
shall omit the details. 

Let us consider, in particular, the limits G-'*^(x) of the functions (^■'^^^(x). Their tree 
expansions contain only trees with endpoints of scale hy < 1, which are associated with local 
terms of type A or of the form (3.13) and (3.14), whose fields are of scale less or equal 
to 0. The support properties of the field Fourier transform imply that the local terms of 
type A can be rewritten by substituting the sum over the corresponding lattice space point 
with a continuous integral over . We can of course use these new expressions to build the 
expansions, since the propagators of scale /i < 0, in the limit L,(3 ^ oo, are well defined 
smooth functions on K^. For the same reason, the tree expansions are well defined also if 
the space points associated with the special endpoints vary over , instead of ; therefore 
there is a natural way to extend to the functions g\'^\-x.), which of course satisfy the 
bound (3.47), with the continuous derivative di in place of the discrete one and |x| in place 
of |d(x)|, as well as the analogous of identity (3.45). 

The function G^^2^(x) satisfies also another symmetry relation, related with a remarkable 
property of the propagators g^J^>, see (3.61), appearing in its expansion, that is 



-(h) I ^ -{h) / * X\ 



(3.65) 

J- 

On the other hand, each tree contributing to G^'']^ ^(x) with n normal endpoints (which are 
all of type A) can be written as a sum of Feynman graphs (if we use the representation of the 
regularization operator as acting on the kernels, see §13), built by using 4n+4 tp fields, 2n+2 
with u = +1 and 2n + 2 with u) = —1, hence containing the same number of propagators 
9+1+1 and g^i -1 and, by the argument used in the proof of (3.45), an even number of 
non diagonal propagators. Then, by using (3.65), we can easily show that the value of any 
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graph, calculated at {x, xq), is equal to the value at {vqXq, x/vq) of the graph with the same 
structure but opposite values for the w-indices of all propagators, which implies (3.49). 
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4. Proof of Theorem 11.5 



4.1 Theorem 13.12 and the analysis performed ui §2 and §3 imply immediately the state- 
ments in item a) of Theorem 11.5, exeept the continuity of flj^ ^{'x.) in xo = 0, which will 
be briefly discussed below. Hence, from now on we shall suppose that all parameters are 
chosen as in item a). 
Let us define 

?7 = log^(l + z*) , z*=zih'/2], (4.1) 

Zh being defined as in (2.2). The analysis performed in §2 allows to show (we omit the 
details) that there exists a positive < 1, such that 

\zh-Zh+i\<CXl[-f-'>^'^-f''^+j'"'], h*<h<0. (4.2) 

We can write 



log^Z,.= \og^[l + z* + {zh'-z*)] = -vh+ ''h' ■ (4-3) 

h' = h+l h'=h+l 

On the other hand, if /i > [h* /2], thanks to (4.2), \rh\ < CX;^'=V/2] \zh'-Zh'+i\ < CXjj^^ 
and, if /i < [h*/2], \rh\ < CX^-^^'^-^'^; it follows that 

|r,.| <CA2[7-''(''-'^*)+7''''] . (4.4) 

Hence, if we define 

ru = 



Ch = i , (4.5) 



we get immediately the bound 

\ch-l\<CXl. (4.6) 



In a similar way, if we define 



.(1) ^ 



,?i=log,(l + ^[^,i/2]). 4 (4-7) 
z^^^ being defined by (3.18), we get the bound 

l4^^-l|<C|Ai|. (4.8) 

Bounds similar to (4.7) and (4.8) are valid also for the constants Zf^\ but in this case 
Theorem 3.6 implies a stronger result; if we define 

= , (4.9) 

then 

l4'^-l|<C|Ai|. (4.10) 
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Let us now consider the terms in the first three hnes of the r.h.s. of (3.39) and let us call 
il^'*^ their sum; we can write 



W = W + '^^tM^) ' (4-11) 

where ^^"^ is obtained from fl^£^f^ by restricting the sums over h and h' to the values < 
and by substituting the propagators g^l,f with the propagators g^^l,,, defined in (3.61). By 
using the symmetry relations 



5i^-a.(x) = £'^-a,(-x) = (^g^+^-{^) , 
it is easy to show that we can write 



(4.12) 



Oi'Vx) = C0s{2pFX)fli,LA-^) + f^2,L,/3(x) , (4.13) 



(4.14) 



Oi,i,0(x) = 2 Yl 7 gi^U^>^o)gi^|(-x,xo)+ 

+ g+^_ {x, xo)g+l (x, Xo) 

fc,?^'<o ^'^-i^'^'-i L „ (415) 
- 25^''L (.X, xo).g+'^i (x, Xo) . 

By using (3.39), (3.44), (4.13) and the fact that G,^,t^^(x) - r[t^^(x) = for i = 1,2, we 
can decompose f^i^^ as in (11.13), by defining 

(x) = Qi,i,^(x) + ( ^ ) Gfl^^) , (4.16) 



_o_ /^(2)^ 2 



f7if^(x) = f]2,L,/3(x) + ^ ( ^ ) g(2_^(x) , (4.17) 



i^i':,(x) = ^oi'°,(x) + E { ( ^ 1 + ( ^ 1 -?l/3(x) + 



\ 2 _ / „(2)^ 2 



Zh 

I 



7(1)7(2) ^ ^ 



(4.18) 



A^) = E I E ^"'^^^^ f ^) ' + (^] ' 4?l, w \ . (4.19) 



Theorem 3.8 implies that r2^''^(x), r2^'^(x) and sl,/3(x) are smooth functions of xq, es- 
sentially because their expansions do not contain any graph with a propagator of scale +1 
(this propagator has a discontinuity at xq = 0). The function ^^''^(x) is not differentiable 
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at xo = 0, but it is in any case continuous, since all graphs contributing to it have a Fourier 
transform decaying at least as k^^ as ko — > oo. 

4.2 Wc want now to prove the bounds in item b) of Theorem 11.5. To start with, we 
consider the function r2i^i^^(x) defined in (4.14) and note that it can be written in the form 

^i,lA^)= E ^ (4-20) 
with (^[^^^^^(x) satisfying a bound similar to that proved for G'^iJ^^^), see (3.47), that is 

_ ^2h^/i(mo+mi) 
|-Dmo,mi^^l_i_^(x)| < CN,mo,mx ^ _^ ['yA |d(x) |]^ ' (^-^l) 

This claim easily follows from Lemma 12.6, together with (4.5) and (4.6). Hence we can 
write, by using (3.47), (4.6), (4.8) and (4.21), given any positive integers no, n\ and putting 
n = no + ni. 



U {2+2r,i+n)h 
\B2dTm^)\ < C.,n E [J(,.|d(x)|)^] ^ 

^ I d (x^l S^i +n ^JV,2+2r,i +n ( I d (x) I ) 



(4.22) 



where 



Vi=V-fii, (4.23) 

h=h* ^ ' ' 

By using the second of the definitions (12.2), the definition (2.8) and the bounds (2.16), 
(3.29), one can see that the constant r\\ can be represented as in (11.14). 

On the other hand, it is easy to see that, if a > 1/2 and N — a> 1, there exists a constant 
Cat, a such that 

^^.«(r) < , A = 7''*. (4.25) 

The definition (12.40), the first of definitions (12.33), the second bound in (12.34) and the 
bound (2.56) easily imply that A can be represented as in (11.19), with r/2 satisfying the 
second of equations (11.14). 

By using (4.22) and (4.25), one immediately gets the bound (11.16). A similar procedure 
allows to get also the bound (11.17), by using (4.10). 

Let us now consider f2^''^(x). By using (3.43) and (3.46), as well as the remark that one 
gains a factor 7'' in the bound of 5^'^^/(x) — 9^'^^/(x) with respect to the bound of 9^'^^/(x), 
we get 



ifii'r,(x)-«L,Mx)i<^^ 

for some positive 1? < 1. 



gA-.2-2,, + ,A|d(x)l) gA,2+,;(|d(x)|) 
|d(x)|''+2')i ^ |d(x)|'? 



(4.26) 
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The bound of sl,0{x) is slightly different, because of the ^-'^{^-h ) ^j^g j- g of (3.48). 
We get, in addition to a term of the same form as the r.h.s. of (4.26), another term of the 
form 



-(A|d(x)|)'' 



HN,2+2rii-'d(\A{y^)\) 



:id(x)i) 



(4.27) 



|d(x)|2m 

The bounds (4.26) and (4.27) immediately imply (11.18), if A is so small that, for example, 

2|m| <i?/2. 

4.3 We want now to prove the statements in item c) of Theorem 11.5. The existence of the 
limit as L,/3 ^ 00 of all functions follows from Theorem 3.8. The claim that ri'^''*(x) and 
i7'^'''(x) are even as functions of x follows from (3.45) and (4.14)-(4.18). Moreover r2^'''(x) 
and fi'^'''(x) are the restriction to Z x M of two functions on R^, that we shall denote by 
the same symbols, and r2^'''(x) satisfies the symmetry relation (11.22), since this is true for 
limi_/3^oo f^i,L,/3(x), as it is easy to check by using (3.65), and for gJ'''(x), see (3.49). 

In order to prove (11.20), we suppose that |x| > 1 and we put f2i(x) = lim^^^^oo i^i,L,/3(x); 
then wo define r2i(x), i = 1,2, as the functions which are obtained by making in the r.h.s. 
of (4.14) and (4.15), evaluated in the limit L,(3 ^ oo, the substitutions 



(4.28) 



Note that the choice of + {vqXoY, instead of x^ + Xq, which is equivalent for what concerns 
the following arguments, was done only in order to have a function Oi(x) satisfying the same 
symmetry relation as f2i(x) in the exchange of {x,Xo) with {vqXq,x/vq). 
It is easy to see that 

Cn 



|f7i(x)-f]i(x)| < 



■|2+2r;i 



E 



7''|x| 



1^ |x| 



h*<h,h'<0 



l + (7''|x|)^ l + (7'''|x|)^ 



x^ +xl 



+ [vlXoY 

Note that, if r > and a e IE 



(7''|x|)''(7'''|x|)''(7"^"'|x|)" 



■2?7i 



(4.29) 



r-" - 1| < |alogr| (r" +r-«) ; 



Hence, by using (4.6), (4.8), (4.25) and (11.14), we get 

IJ3I 



|fii(x)-fii(x)| < 



|x|2+2r,i 1 + (A|x| 



\N 



In the same way, one can show that 



Let us now define 

Ot(x) 
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|02(x)-02(x)| < 

2 1 
32 



JV 



AT 



|x|2l + (A|x|) 



gc{x/vQ,XQ)gc{-x/vQ,xo) 



(4.30) 



(4.31) 



(4.32) 



(4.33) 



where 



dke 



ikx 



Xo(k) 



(4.34) 



(4.35) 



(27r)2 J -iko + k ' 

Xo(k) being a smooth function of k, which is equal to 1, if |k| < to, and equal to 0, if 
|k| > 7to (see §12.3 for the definition of to). 

It is easy to check that fi*(x), i = 1,2, is obtained from f2i(x) by making in the L,p = oo 
expression of the propagators 5^'^^/(x), which are evaluated from (12.92), if h* < h < 0, and 
(12.120), if h = h*, the following substitutions: 

aft_i(k')^0, A(k') ^ /„(k') . (4.36) 

Hence, by using also the remark that, by (12.116) and (2.54), \ah/j^\ < C^-^^-^'^^, it is 
easy to show that 

- Oi(x)| < ^-jy^,i(A|x|) [A?iJ^,i(A|x|) + (A|x|)V2//^_^/,(A|x|)] . (4.37) 



In a similar way, one can show also that 



C. 



n^(x)-02(x)| < ^if;v,i(A|x|) A?ifiv,i(A|x|) + (A|x|)V2if^ ,/2(A|x|) . (4.38) 



Moreover, by an explicit calculation, one finds that, if |x| > 1, 



' 27r X 2 ^ ' ' 



where -F(x) is a smooth function of x, satisfying the bound 

Cat 



|F(x) - 1| < 



(4.39) 



(4.40) 



i + ixr ■ 

The bounds (4.31) and (4.32), the similar bounds satisfied by [^^'''(x) - ni(x)| and 
|r23'^(x) - 02(x)| and the equations (4.37)-(4.40) allow to prove very easily (11.20) and 
(11.21). 

4.4 We still have to prove the statements in items d) and e) of Theorem 11.5. By using 
1(1.13), (4.18) and (4.19), we see that 



f23(k) = 



<7=±1 



+ 



(4.41) 



+ J73:ft(k)+s2(k) + ,5h "(k) 
where we used the definitions 



Sl 



h=h* 



Zh 



[%) , S2(X) = E 



h=h' 



;^(2)\ ^ 



Sfl^'^x) = fl^'%x) - s(x) 



(4.42) 
(4.43) 



6/ febbraio/2008; 17:53 



33 



Since any graph contributing to the expansion of f2^'"(x — y) has only two propagators 
of scale < connected to x or y, 0^'"(k) has support on a set of value of k such that 
\k\ < 27*0 < tt; hence we can calculate f2^'"(k) by thinking ^^'"(x) as a function on M^. Let 
us suppose that |k| > and |fc| > |k|/2; then 

'•'^(k) = J dxe^^'^n^'^ix) = J dx [e'"''' - l] d^fl^'^ix) , (4.44) 

since ri'^'"(x), by (11.16), is a smooth function of fast decrease as |x| 00. If \k\ < |k|/2, 
it has to be true that |A;o| > |k|/2 and we write a similar identity, with ko in place of k and 
in place of d^- In both case we can write, by using (11.16), 

|i^''"(k)| < 7^ / z ^^ + c/ dx- ^^L. (4.45) 

' ^ ' " |k| y|x|>|k|-i l + N3+2m i|x|<|k|-i l + |x|3+2m ' 

A even better bound can be proved for |si.CT(k)|, a ~ ±1, by using (3.48). Hence, uniformly 
for u^O, ^_ |si_^(k)| < C|k|-i for |k| > 1 and 



i|n3'«(k)| + |5r,<.(k)|<C 



^ ^ 1 - IkP'^i 



< |k| < 1 . (4.46) 



2r?i 

This bound is divergent for |k| — > 0, if r/i < 0, that is if J3 < 0; however, if u ^ and 
|k| < A, we easily get from (11.16) (with n = 0) the better bound 



i|f23.«(k)| + |5i,<,(k)|<C 



1 - A^*)! 

1 + 



2771 

In a similar way, by using (11.17), one can prove that 



(4.47) 



|173'''(k)| + |s2(k)| <C[l + log|k|-i] , 0<|k|<l, (4.48) 
|173.''(k)| + |s2(k)| <C;[l + logA-i] . (4.49) 

However, a more careful analysis of the Fourier transform of the leading contribution to 
n^'''(x), given by 02(x) (see (4.34)), which takes into account the oddness in the exchange 
{x,xo) — > {xoVq,x/vq), shows that |02(k)| < C. One can show that a similar bound is 
satisfied by the Fourier transform of the terms contributing to f22(x) and proportional to 
(7/1/7''. Therefore, in the bounds (4.48) and (4.49), we can multiply by J3 both log|k|~^ 
and log A~^. 

'^ 3 C 

Let us now consider SCI ' (k). By using (4.26), we see immediately that, uniformly in k 



and u, 



\Sh^'\k) - s(k)| < C . (4.50) 



The bounds (4.46)-(4.50), together with the positivity of the leading term in (11.20) and the 
remark after (4.49), immediately imply all the claims in item d) of Theorem 11.5. 

Let us now consider G{x) = Vi^{x, 0), a; £ Z. It is easy to sec, by using the previous results 
and the fact that also si,o-(x) and S2(x) are even functions of x, that G{x) can be written 
in the form 

G{x) = e^'^P^^'Gi^^ix) + G2{x) + SG{x) , (4.51) 

CT=±1 
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where Gi^a{x) and G2{x) are the restrictions to Z of some even smooth functions on 
satisfying, for any integers n,N >0, the bounds 



[l + |a;|2+"+2'?i][l + (A|a;|)^] 



\d:G,A^)\ < M , 1^1...^.: V. , .Ai^uivi ' (4-52) 



while 6G{x) satisfies the bound 

i^^^^^i ^ [i + |.m|i+(AN)^] ' ^'-''^ 

with some i? > 0. 
These properties immediately imply that, uniformly in k and u, 

\G{k)\ + \dkdG{k)\ < C . (4.55) 
Let us now consider dkG\^„{k) and note that, if |fc| > 0, 

dkGiAk) = ~\ j dx[e'''^ - \]d,[xGi^,{x)] = 

= -\[ dx[e"'- - l]d,[xGiAx)]- (4.56) 

- \ I dx[e'^'' - 1 - ikx\d:,[xGi^„{x)] , 

«^ i|x|<|fe|-i 

where we used the fact that dx[xGi^„{x)\ is an even function of x, since Gi^„{x) is even, see 
(3.45). Hence, if |A;| > 1, |5feGi,<,(fc)| < C\k\-^, while, if < \k\ < 1, uniformly in u, 

|5fcGi,,(fc)| < C[l + \kf^^] . (4.57) 

In a similar way, we can prove that, uniformly in k and u, 

\dkG2ik)\ < C . (4.58) 

The bound (4.57) is divergent for fc ^ 0, if J3 < 0; however, if |w| > and < A, one 
can get a better bound, by using the identity 

dkGi,„{k) = i [ dxe^''''[xGi,^{x)] + i [ dx[e^''^ - l][xGi,^{x)] , (4.59) 

^|x|>A-i ^|x|<A-i 

together with (4.52). One finds 

\dkG,,,{k)\ < C[l + A^^'] . (4.60) 

The bounds (4.55), (4.58) and (4.60), together with the identity (4.51), imply (11.24). The 
statements about the discontinuities of dkG{k) at u = and k = 0,±2pF follow from an 
explicit calculation involving the leading contribution, obtained by putting Ai(x) = ^2(x) = 
in (11.20). 
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5. Proof of the approximate Ward identity (3.35) 

5.1 In this section wc prove tlic relation (3.35) between the quantities Z^^^ and Z^'^\ 
related to the approximate Luttinger model defined by (3.30) and (3.31). 

First of all, we move from the interaction to the free measure (2.30) the term pro- 
portional to (Jq^"* and we redefine correspondingly the interaction. This can be realized 
by slightly changing the free measure normalization (which has no effect on the problem 
we are studying), by putting 5^^^ = in (2.31) and by substituting, in (2.30), Vq with 
voiy^') = v*Q+ 5^^^Co-\k'). However, since C^^iV) = 1 on all scales /i< 0, '^^ and Z^^' 
may be modified only by a factor 7*^1-^0 'l, if we substitute with % = vq{0). It follows 

that it is sufficient to prove the bound (3.35) for the corresponding free measure 

J 7(<o)+ J / (<o)- 



k':C-^(k')>0'^=±l 
[ w=±lk':C„-i(k')>0 



(5.1) 



by using as interaction the function 

y(-)(^(^o)) = A^^) / rfx i^ST^L^-^ST^Sn- ■ (5-2) 

Let us consider, instead of the free measure (5.1), the corresponding measure with infrared 
cutoff on scale h, h <0, given by 



p(-.'^)(#[^^o]) ^ n n ^,(ko 

k':C-^„(k')>0'^=±l 



• exp ■ 



-^Y: E C^M(k')(-ifco+a;^ofc04';rViM" > 

^=^'k':C-i(k')>0 J 



(5.3) 



where Cf^^^Yl^hlk- 

We will find convenient to write the above integration in terms of the space-time field 
variables; if we put 

k':C-i„(k')>0'^=±l 

we can rewrite (5.3) as 

piL,h)^di^[hfi]) = 25^[^^.o] exp [ - ^ / dx V]^^°l+i5L'''°lV]c':i°l"] , (5.5) 

where 

^[/..ol^M. ^1 ^ e^^'^'-C,,,{\^){iak, - u;av,k')i,'t,-f • (5.6) 

k':C^-,o(k')>0 
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d}^'^^ has to be thought as a "regularization" of the linear differential operator 

Let us now introduce the external field variables (^x,aj) ^ ^ ^^l,/}, w = ±1, antiperiodic in 
xo and x and anticommuting with themselves and tp^^^^" , and let us define 

U{cl>) = - logl p(^''')(#['*.oi)e-^<">(V'""°'+<^) . (5.8) 
If we perform the gauge transformation 

and we define (e~'"^)x ^ = e~"^"='(j!)J ^, we get 

(7(<^) = - logy" P^^'^^n^^V'''''"') exp { - + e-*"(/>)- 



(5.10) 



Since f/((/)) is independent of a, the functional derivative of the r.h.s. of (5.10) w.r.t. ax is 
equal to for any x e '^l,/3- Hence, we find the following identity: 



g_y(i-)(V,[''.<'l+0) 



0, (5.11) 



where 



Z{ct>) = J p(^.'')(rfV['*'°l)e-^'''(^""'"+'^) , (5.12) 

= E e-^p^4'::°''+[c^/.,o(p + k)D^(p + k) - c,,o(k)D^(k)]viM;: , (^-^^^ 

p,k 

£)a;(k) = -iko + ujvok . (5.14) 

Moreover, the sum over p and k in (5.13) is restricted to the momenta of the form p = 
{2nn/L,2nm/0) and k = (27r(n+ l/2)/Z/, 27r(m+ 1/2)//3), with n and m integers, such that 
bl) \Po\, \ko\, \k\ are all smaller or equal to tt and satisfy the constraints C^q{p + k) > 0, 
Cn'oi^) > 0. 
Note that (5.13) can be rewritten as 

Tx,. = D^[i^l'°^^^l^:°^-] + 5T^,^ , (5.15) 

where 

^ P,k (5.16) 

• {[C7„,o(p + k) - l]D^(p + k) - [C,,o(k) - l]i?.(k)}V'K;: . 
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It follows that, if Ch,o is substituted with 1, that is if wc consider the formal theory without 
any ultraviolet and infrared cutoff, Tx,ai = Di^[ip^^'^^~^ip^^'^^~] and we would get the usual 
Ward identities. As we shall see, the presence of the cutoffs make the analysis a bit more 
involved and adds some corrections to the Ward identities, which however, for Aq small 
enough, can be controlled by the same type of multiscale analysis, that we used in §3. 

5.2 Let us introduce a new external field Jx, x G '^L.t3, periodic in xq and x and commuting 
with the fields (j)'^ and tp^'^'^^'^ , and let us consider the functional 

W(</), J) = -log| p(^.'')(rfV>['''01)e-^'''(*'''°'+^)+/ S.^-^*-^ . (5.17) 



We also define the functions 



S.,.(x-y) = U{<P) _ = W(^,J)| , (5.18) 



6=0 <-'iA'x,wL'V'y,ai 



a a2 

r,,^(x;y,z) = — Wi<P,J)\^^j=o ■ (5.19) 

These functions have here the role of the self-energy and the vertex part in the usual 
treatment of the Ward identities. However, they do not coincide with them, because the 
corresponding Feynman graphs expansions are not restricted to the one particle irreducible 
graphs. However, their Fourier transforms at zero external momenta, which are the in- 
teresting quantities in the limit L,(3 oo, are the same; in fact, because of the support 
properties of the fermion fields, the propagators vanish at zero momentum, hence the one 
particle reducible graphs give no contribution at that quantities. 

In the language of this paper, if we did not perform any free measure regularization, 
5^?i,aj(x — y) would coincide with the kernel of the contribution to the effective potential on 
scale h — 1 with two external fields, that is the function w!^f^j^\-^ of equation (13.3). 
Analogously, 1 + r/,^(^(x; y, z) would coincide with the kernel B^'^~^^ _^ of equation 
(3.6). 

Note that 

rft,a;(x;y,z) = ^rft,a;,a>(x;y,z) , (5.20) 

UJ 

where Th,uj,cjix;y,z) is defined as in (5.17), by substituting Jx V'x^ci''^V'x^w^~ with Jx 

If we derive the l.h.s. of (5.11) with respect to (py^^ and to 4>~^^ and we put 4> — 0, we get 

= -5(x - y)S,,,^ (x - z) + 5(x - z)Sh,^ (y - x)- (5.21) 

d'^V dV dV 



< 



where < •; • >^ denotes the truncated expectation w.r.t. the measure Z{0) ip(^''')(rf^['''01) 
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By using the definitions (5.18) and (5.19), equation (5.21) can be rewritten as 
= -S{x - y)i;;i,^.(x - z) + (5(x - z)j:h,uj{y - x)- 
- D^,o^h,u^,Cj (x; y,z)- Ah,ui (x; y, z) , {5.22) 



where 

, , , d'^V dV dV 

Ah,a;(x;y,z) =< 



In terms of the Fourier transforms, defined so that, in agreement with (13.2) and (3.9), 



^h,. i^-y) = ^Yl e-^'^f^"'') S/.,. (k) , (5.24) 



k 



r^,^,^(x; y, z) = e*''^""'^e-"'(y-^)f ^,^,<,(p, k) , (5.25) 



p,k 



Af,,^ (x; y, z) = -1^ E ^^''^''"'^ e-^''(y-^) A;,,^ (p, k) , (5.26) 
™ P,k 

(5.22) can be written as 

= S,,,^(k - p) - E,,,,,(k) + ^(-ipo + a)p)f h,^,i(p, k) + Ah,UP, k) • (5.27) 

Q 

Let us now define 



4 

r/.r;' — ±1 



^'' = 1 + 7 E ^'-S/.,c.(kr,,r,') , (5-29) 

— ±1 

where p,;/ is defined as in (3.11) and k^.,j' as in (12.73). 

If we put in (5.27) p = p^/ and k = k,,,^', multiply both sides by {iri'P)/{2n) and sum 
over f},?]', we get 

Z, = zf)+<5zf , (5.30) 

where 

szi'^ = - y ^hAihA. (5.31) 

ri,ri'=±l ' 

5.3 The considerations preceding (5.21) suggest that Zh and zj^^ are "almost equal" to 
the quantities zj^^ and zj^'^\ related to the full approximate Luttinger model and defined 
analogously to Z^ and zj^^ for the original model, on the base of a multiscale analysis. In 
order to clariiy this point, we consider the measure p(^''')(rf^['*'0])e-^'^'('/'''''°'+'/''^'''), where 
^(<'i) is fixed and has the same role of the external field </> in (5.17), and define Eh-i and 
"p(^-i)(^(<'»))^ the one step effective potential on scale /i — 1, so that V^''~^^(0) = and 



^_v('-i)(^«'.))_i^B^_ 



I p(^.'')(rfv['''01)e-^'''(^""°'+^*"*') . (5.32) 
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We want to calculate this quantity, by extending to it the definitions of effective potentials 
and running couplings, given in §12 for the original model. 

We start from the scale with potential v'(°)(V'['*'°l,^^<''^) = + V^^''^) and we 

introduce, in analogy to the procedure described in §12.5, for each h such that h <h < 0, 
two constants Z^, and an effective potential V ^^\tp,tp^<^^), so that Zq = 1, Eg = and 



=y P^,_c,s(#^'''''Oe" ^-^^f^^ '"'f' , (5.33) 

where PzL,c^ ^{dtp^'^''^^) is obtained from the analogous definition (12.66), by putting o",~ (k') 
= 0, i?(k') = ?;o sin A;', and by substituting C^^ with = X]fe=/i fk- Moreover, we suppose 
that the localization procedure is applied also to the field tp^^'^') , even if it does appear in the 
integration measure and, therefore, can not be involved in the free measure renormalization. 

We want to compare these effective potentials with the potentials V'-'^\ijA-'^^) , related to 
the approximate Luttinger model without any infrared cutoff and defined following again 
the procedure described in §12. We shall use for the various objects related to this model 
the same notation of §12, while the corresponding objects of the model with infrared cutoff 
will be distinguished with a superscript '. The definitions are such that v(°)(V'(-°)) = 
V'(o)(^[M],^«o)-)^ Zo = 1 and 

J Pzo,Co(#'-°^) e-^'^'^^^'"') = J Pz„c,(#^^^^) e-^'''(^/^^'-'')-^^^'i . (5.34) 

Note that the single scale propagators involved in the calculation of V^'^\^^/Zf^tp^-^^) and 
V'^'^\^^ij^^^''\tp^<''^), that is those with scale h>h + l, may differ only if Zj^ ^ or 
zj^^ z'j^. This immediately follows from the observation that, if/i + l</i<0, the identity 
(12.90) is satisfied even if we substitute in (12.89) with ^. This implies, in particular, 
since zo = z'o = 0, that (see (12.110) and (12.107)) 

V'(-^H/^V'''''"'^V'^<''^) = V(-i)[v^(V'''''"'^ +V'^<''^)] , (5.35) 

with Z'_-^ = Z_i = 1, and that Z-i = z'_x, = (5'_i, A_i = A'_i, Z'_2 = Z_2- 

Let us now compare the effective potentials on scale —2. The fact that the free measure 
in (5.33) does not depend on the fields with scale less than h implies that the free measure 
renormalization does not use all the local part of V proportional to Z-i. Therefore, the 
analogous of the potential V^~"^H\/-^-2 tp^-~^^) for the model with infrared cutoff has to be 
defined so that (see (12.107)) 



Ul=±l 
0J=±1'' 



+ 

(5.36) 
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It follows, by using also the remark on the single scale propagators following (5.34), that 
V'^~'^\^/Z^1|J^^'~'^\'^|J^'^'^'>), calculated through the analogous of (12.110), can be obtained 
from V^~^^[-yZ_2(V'''''~^' by adding some new terms. First of all, there is the term 

in the third line of (5.36), which is independent of the integration variables, and the two 
terms in the second line with tpx,'^'^^'^ in place of ip^,'^^^'' ■ Moreover, in the Feynman graph 
expansion, we have to add the graphs which are obtained by inserting, in the external lines 
of a graph contributing to V^~'^\ one or more vertices corresponding to the two terms in the 
second line of (5.36). These new terms are not irrelevant, if the number of external lines is 2 
or 4; hence one could worry about the need of new running couplings in order to regularize 
the expansion. However, because of the support properties of the propagators, these new 
terms do not give any contribution to the local part (which is calculated by putting equal 
to ^n,ri' the external momenta, hence also the momenta of the internal line propagators of 
the insertions in the external lines), so that the only running couplings to consider are those 
related with V^~^^ and their values are the same, that is Z-2 = z'_2, ^-2 = ^-2^ ^-2 = A'_2, 

By iterating the previous considerations, it is easy to show that, if h < h < —2, one can 
calculate V'W(v^V'''''''^ V'^'^''^) by adding to V^'^'>[^/Z^{■^p^^'^^ + ip^<^^)] some new terms. 
First of all, there are the local terms of the form of that in the second and the third line of 
(5.36), with tpx,i!j^'^ in place of tpx,'u^^'^ and zj^Zj^, h < h < —1 in place of Z-iZ-i. Moreover, 
in the Feynman graph expansion, we have to add the graphs, which are obtained by inserting, 
in the external lines of a graph contributing to V^^\ one or more vertices corresponding to 
terms similar to those in the second line of (5.36), with ipx,u!'^'^ in place of V'x^iT^''^ and zj^Zj^, 
h < h < —1 in place of Z-iZ-i. Finally 

h=h+l u=±l 

and all the running couplings, as well as the renormalization constants, are the same as 
those defined through V('*)(^/Z^^(^^)). 
Equations (5.33) and (5.37) also imply that 

h=h+l 0J=±1'' w=±l'' 

where V'^'^-^^V'^^''^) is obtained from V^^-'^\tp^<^^) "almost" as before. We still have to 
add some new graphs with suitable insertions on the external lines, which do not affect the 
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local part, but we also have to change the propagators of scale h, since the function /^(k'), 
calculated as fhO^'), see (12.90), with C^^ = fh in place of C^^, is different from fhO^')- 
The definition (5.29) of Zh and the definition of C, together with (5.38), imply that 

-1 

Zi, = l+ J2 zj,Zj, + z'f,Zn = Zn{l+z'^). (5.39) 



h=h+l 



Since Z'^'' = Zh and < C|AoP, if Aq is small enough, as one can show by using the 



arguments of §2, we get the bound 



Zh 



<C\Xo 



(5.40) 



A similar argument can be used for Z^j^'^\ by using the results of §3, and we get the 
similar bound 



Z 



(2) 



We will prove in §5.3 that 



so that we finally get 



\bzf^\ < CZl^^'^-'lXo 



1 



<C|Ao| 



(2,i)| 



£h 

.(2,i) 



1| <C|Ao| 



(5.41) 



(5.42) 



(5.43) 



implying (3.35). 



Remark (5.42) shows that the corrections to the exact Ward identity Z^^' = ^I^^^ could 
diverge as h — > — oo. This is not important in our proof, since we are only interested in 
the ratio Z^^^ /zji^'^\ which is near to 1, but suggests that it would be difiicult to prove 
the approximate Ward identity, by directly looking at the cancellations in presence of the 
cutoffs. 



5.4 In order to prove (5.42), we note that 

[ChfiiP + k) - l]D^{p + k) - [Cfc,o(k) - l]£»„(k) = 

DMChfiiP + k) - 1] + Ch,o{P + k)i5a,(k)Cfc,o(k)[C^-;(k) - C^^(p + k)] 

and that 



(5.44) 



C/i,o(P7,' +k) 



[^M(k)-t?M(PV+k)] 



Ch,o(p + k) 



[CM(k)-C^M(Pr,'+k)] 



-iPn'o 



CM(P + k) = l + [Cfc,o(p + k)-l]. 
Hence, by using (5.16) and (5.23), we can write 

Afe,a;(pV,k^,v) _ ^(1) , r ^ 



(5.45) 



(5.46) 



(5.47) 
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where 



with 



dv dV 



; ^^('^IxAr,' (5.48) 



= Ip S e-"^-C,,o(k)(l - C,-J(k))4';'°l'- , (5.50) 



^^£^ = 7^ E e---i^.(k)C,,o(k) ^^^""('^^ + "^^i . (5.51) 

Note that there is no divergence, in the Umit L,P ^ oo, associated with the fields 5tp^'^'^^~ 
and even if the function C/i,o(k) diverges on the boundary of the set {k : C^ J(k) > 

0}. In fact, the integration of these fields on scale h, with h <h < 0, yields a factor /^(k) 
proportional to //^(k) (see (12.90) and the considerations after (5.38)), and the functions 
/^(k) are non negative, if we suitably choose the function (12.30); therefore C/i,o(k)/^(k) is 
bounded. 

Note also that, [C^J(k) — C'^o(P')' + ~ '^Prj'o is bounded, uniformly in /3, and is equal 

to 0, at least if |k| belongs to the interval [ao'y^ + 2n/(3,ao — 'in/ (3] (see §12.3). However, 

the interval where this function vanishes can contain the interval [007'', ao], if the function 

(12.30) is suitably chosen (by slightly broadening the regions where it has to be equal to 1 or 

0) and /3 is large enough, which is not of course an important restriction (the real problem is 

the uniformity of the bounds in the limit /3 — > 00, and in any case the following arguments 

could be easily generalized to cover the general case). Hence, it is easy to show that 

Cr3,(k) -Cr i(p„,+k) 
1-Cj;l(k) = ^'"^ ^ ^ hfiyfr, if/^(k)^0 h<h<Q, (5.52) 

SO that we can write 

S^^£^-=S^^+S^^t, ^^i':S='5C:,'+'5Cr." (5-53) 
where the fields 5'ip^J~ and St/t^J^, are defined by substituting, in (5.50) and (5.51), 

with V-f^'^- 
Let us now consider the functional 

We can write for J) an expansion similar to that used in §3 to study the cor- 

relation function of the original model. We introduce, for any h such that h < h < —1, 
an effective potential V '-'^^ip , ip'^^'^^) , defined as in §5.3, and two functionals 5 '■''+^^(J), 
B '-'^\ip , tp^^'^\ J), so that, by using the notation of §5.4, 

J (5.55) 
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We introduce also the functionals S''^'''^{J), v'^'^-^H^^'')) and J), such that 



Sh,r,'{^^<^\j)=S'^^\j)-V^''-^\ilj^<^^)+B'^^-^\^P^<''\j) . (5.56) 

We can write for B (''^i)(yj(<''), J) a representation similar to (3.6), with J in place of </> 
and i)^<^^ in place of V^-''^- By (5.48) 

A£,,.(x;y,z) = Sg-;).) (^_^)(x;y,z) ; (5.57) 

hence, in order to prove (5.42), we have to study the flow of the local part of B'('*^(Z-~^^^ 

To start with, let us consider B'^-'^'>{z'j^^^'^ip^^-'^\'il;'^<^\j). By (5.53), the graphs con- 
tributing to it may have an external line of type Sip or Sip only if that line is of scale h and 
h < —1. Moreover, if the graph has an external line of this type and it is not trivial, that 
is if it has more than one vertex, the corresponding local part, defined as in §3, is 0, even if 
there are only two external lines, because of the support properties of the propagators, since 
there is at least one internal line with momentum equal to one of the external momenta, 
which are of order /3~^ for the local part. It follows that these graphs do not participate in 
any manner to the flow of CB'^~^^{ZSi^'^'>P^^'~^\'tp^^^KJ), up to the scale h; therefore we 
modify the definition of jC, so that they are not included. 

This modification of the definition of £ allows to study the fiow of CB' ^~^\Z'^_^'il;^^'^\ 
^(</i) essentially as in §3, since, as we have explained in §5.3, the infrared cutoff has no 
influence on the other local terms, except on the last scale, so that, if h <h< —1, 

/:e'('')(./zr^[^''»I, ^«''), J) = CB^^'){^{^i''M + ^«'^)), J) , (5.58) 



where B(^)(-yZ^V^-''\ J) is the expression we should get in absence of infrared cutoff and 
we used the fact, proved in §5.3, that Z'^ = Zj^. We can write 

£e(")( V^(^(^'^)), J) = ^ ^ / dxJ.^(fj')+V'4TL''^- • (5.59) 



(3") 

The flow of Zj^ can be studied, starting from the scale h = —1, as the flow of the 
renormalization constants Z~^ related to the analogous of the functional (3.2) for the model 
defined by (5.1) and (5.2), that is 

Note that the values of Z_( and Z_( are very different; in fact, the previous considerations 
imply that 

\Z^-l - 1| < C|Ao| . I^i^i^l < C|Ao| . (5.61) 
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However, since the local part on scale —1 is of the same form and the contribution of the 
non local terms on scale —1 to /z'^\ or zf'^ /Z^\ is exponentially depressed, as h 
decreases, it is easy to show, by using the arguments of §2.4-§2.7, that 

^(3) ^(2) 

= ^3)^-1 = Ji) [1 + 0(Ao)]^i\^ . (5.62) 
Z_i Z_^ 

The integration of the fields of scale h can only change this identity by a factor [1 + 0(Ao)], 
hence (5.61) and (5.62) imply that 



7(3) 



7(2) 



<C|Ao|. (5.63) 



If a|j^^ ^'(x; y, z) were independent of r;', Szj^^ would be exactly equal to zj^}^ and (5.42) 
would have been proved. Since this is true only in the limit /? ^ 00, wc have to bound 
^1^1 rfiPv' '^ri.ri') for cach i],ri'. This means that wc have to bound oven the Fourier trans- 
form at momenta of order f3^^ of TZB^'^ {+ -) (5.57). However, it is easy to 
see that we still get the bound (5.42), on the base of a simple dimensional argument (we skip 
the details, which should be by now obvious). In fact, if we consider a term contributing to 
the expansion of TZB^^ (+ -) (uj uj)^'^'^ '^^ ^) described in §3, whose external fields are affected 
by the regularization so that some derivative acts on them, the corresponding bound differs 
from the bound of a generic term contributing to CB^^~i^^ _^ ^^(x;y,z) in the following 
way. One has to add a factor 7"''", for each "zero" produced by the regularization and, 
at the same time, a factor /3~^ produced by the corresponding derivative on the external 
momenta. Since /3~^7~^'' < 1, we get the same result. 
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